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Abstract. We prove a version of the Cohen— Lenstra conjecture over function 
fields (completing the results of our prior paper). 

This is deduced from two more general theorems, one topological, one arith- 
metic: We compute the direct limit of homology, over puncture-stabilization, 
of spaces of maps from a punctured manifold to a fixed target; and we compute 
the Galois action on the set of stable components of Hurwitz schemes. 
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1. Introduction 

1.1. Hurwitz spaces and the Cohen-Lenstra heuristics. Fix a finite group G 
and a conjugacy-invariant subset ccG. 

Let CHq n be the space whose points are given by pairs (E, /), where E C C is a 
subset of size n, and / is a conjugacy class of surjective morphisms 7r 1 (Pj-,— E, oo) -» 
G, carrying a loop around every point of D into c. Thus CHq n is "the space of 
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connected G-covers of the Riemann sphere branched at n points of the complex 
plane, and with monodromy around each branch point inside c." 

Clebsch and Hurwitz proved the connectivity of CH G n for large n, in the case 
where G is a symmetric group and c the conjugacy class of transpositions. In 
other words, any two "simply branched" coverings of the plane with the same 
numerical data can be deformed into each other. The space CHq n has the natural 
structure of a complex manifold; this manifold, in turn, can be thought of as the 
complex points of an algebraic variety over Q, which is defined as a moduli space 
for branched G-covers in a suitable algebraic sense. This description induces an 
action of Gal(Q/Q) on the set of connected components of CHg n , and also an 
action of this Galois group on H* (CHq n ,M) whenever M is a finite abelian group. 

Let us now describe three sample results of this paper. We note that in the 
body of the paper we work with a slightly larger space, CHur^^, which allows 
ramification at oo and also considers the morphism / not merely up to conjugacy; 
CH G n is then a quotient of a certain union of components of CHur^ (see { 1.3| for 



further discussion) . One easily deduces the results below from the results we prove 
about CHurg n . 

Let G be a group of order congruent to 2 mod 4 and let c be the unique conjugacy 
class of involutions. 

(a) There exists a > so that, for all n, each component of CH G n 
has vanishing Betti numbers in dimensions between 2 and an. 

and, in the same setting, 

(b) There is a bijection, for n odd and sufficiently large, 

7T (CH^ n ) H 2 (A,Z) G/A , 

equivariant for the action of Gal(Q/Q), where A is the unique 
normal subgroup of G of index 2, the notation H2{A, T^gIA means 
the coinvariants for G/A acting on i?2(A Z), and where the Galois 
action on H2(A, Z) is through the cyclotomic character [j] 

In fact, the theorems proved in this paper are true for quite general groups G 
- indeed, for our topological results, G need not even be finite. The restriction to 
the specific class of groups with order congruent to 2 mod 4 is actually only needed 
for (a), and even there it is imposed only because of the limitations of the previous 
paper |EVW09| . However, as explained in that paper, results of this kind can 
be used to prove a version of the Cohen-Lenstra conjecture over rational function 
fields. In particular we will deduce 

(c) If A is an abelian group of odd order, and q is sufficiently large 
(depending on A), then the A-part of the Cohen-Lenstra heuristics 



hold for imaginary quadratic extensions of F q (T). (Theorem 12.1.1 1 

We also obtain results of a similar nature even when A is nonabelian of odd order, 
counting now the average number of unramified A-extensions of imaginary qua- 



dratic fields, although we do not discuss these in detail in this paper. (See also ( 6.1 



for a sample application to Cohen-Lenstra-Martinet heuristics for cubic extensions.) 



By this we mean the following: Take g £ Gal(Q/Q) and a £ H2(A, Z). Choose a primitive 
root of unity ( 6 Q of the same order as a. Then g(Q = £ s for some integer s. We define also 
g (a) = a s . 
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In any case, statement (c) is a considerable refinement of the main theorem of 
EVW09 . For example, there is Q with the following property: 

If q > Q, the average number of 15-torsion elements in the Jacobian 
of a random hyperelliptic curve over F q is four. 

Our prior results showed only that this average exists for sufficiently large q, and 
approaches 4 as q — > oo. In the remainder of the discussion we discuss some of the 
ingredients in the proof of the above results. See also §1.7| for an overview of the 
structure of the paper. 

1.2. A classifying space for branched covers. Let us recall that, for a finite 
group G, the classifying space BG classifies "G-covers", that is to say: for any 
finite CW complex X, the set of pointed homotopy classes of maps from X to 
BG are naturally in bijection with isomorphism classes of G-torsors (i.e. principal 
G-bundles) over X with a trivialization of the fibre over the basepoint of X. 

A key point for us is the existence of a variant of the space BG that classifies 
branched G-covers. 

To motivate this space, consider a Riemann surface £ and a G-cover of £ 
branched at points {pi, ■ ■ ■ ,p n }', by this, we mean simply a G-torsor f : Z —} 
^ — {Pii ■ ■ ■ ,Pn}- Such a G-cover defines (at least the homotopy class of) a map- 
ping ip : £ — {p\, . . . ,p n } — > BG; under this map, a small circle Cj around each pi 
is sent to a loop in BG. 

We would like to extend y> to a mapping from £ to a "compactification" of BG. 
This can be achieved by adjoining discs to BG in such a way to make each tp(ci) 
contractible. 

More precisely, we make the following definition: For c C G any conjugacy- 
invariant subset, define A(G,c) by adjoining to BG the space L C BG x D 2 . Here 
L C BG C Map(S' 1 , BG) are maps in the free homotopy class of c; we glue these disks 
to BG along their boundary via the tautological map L C BG x S 1 — > BG. 

Although we will not use this fact, the space A(G, c) can be understood as a 
classifying space for branched covers of manifolds with trivialized normal bundle 
to the branch locus. For related results see Brand's paper [Bra80j . For now we 
explain how A(G,c) controls the topology of Hurwitz spaces. 

1.3. Stable homology of Hurwitz spaces and result (a) of j jl.lf Let us 

elaborate on (a) from E 1.1 

First, as previously mentioned, in the body of this paper we work not with 
CHq n , as defined in the introduction, but a larger space CHurQ„. We will de- 
fine here only the topological version of this larger space; this space is homotopy- 
equivalent to the complex points of a certain Hurwitz scheme, but we leave the 
definition of that scheme to Sj8] 

Let D 2 be the unit disc in the plane, and fix a point * on the boundary of D 2 . 
We define CHur^ „ to be the space parameterizing pairs (E, /) where E C D 2 is 
a subset of size n, and / is a surjective morphism tti(D 2 — E, *) — » G, carrying a 
loop around every point of E into c. 

In order to formulate our results, we make use of maps 

(1.3.1) V n : CHur^ n -> CHm c G . n+D 
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obtained by taking "edge-sum" with a certain D-branched cover of a disc; for details 
see |5.5| For simplicity in this discussion, we will restrict to the setting where c is 
a single conjugacy class, although we treat the general case in the text. 

By means of the ideas sketched above, one constructs a natural map from 
CHurg n to the function space Mapf (D 2 , A(G, c)) consisting of those degree n con- 
tinuous maps, carrying the boundary of D 2 into the subspace BG C A(G, c). (Here, 
the notion of "degree n" is defined by composing with the map A(G, c) — > S 2 which 
collapses BG to a point.) Moreover, it is possible to define maps V n : Map n — > 
Map n _i_£) which are compatible with those of (1.3.1) and, furthermore, are homo- 



topy equivalences. With these notations we prove: 
1.3.1. Theorem. The map 

CB,m c Gn -> Mapf(L> 2 , A(G,c)) 

induces an isomorphism on the direct limit (along the V n ) in homology, lira Hj , for 
any i. 

In our current setting, where c is a single conjugacy class, the space A(G, c) has 
the rational homotopy type of a 2-sphere, and the limiting rational homology on 
the right hand side of Theorem |1.3.1| is easily computed: it is zero in degrees greater 
than 1. 



An important caveat is that Theorem 1.3.1 gives us very little information about 



the topology of CHur^ n for any particular n. It does allow us to compute, for any 
i, the limit 

hmi^CHur^J 

n 

However, this information places at best a lower bound on the size of -ffi(CHur^ n ), 
which may, a priori, contain any number of classes that vanish when n is increased. 
In order to get results about the homology of individual moduli spaces, we need 
a stabilization theorem guaranteeing that Hi(CHuiQ n ) is constant when n is suffi- 
ciently large relative to i. 

1.3.2. Corollary. Let i > 0. Suppose the maps V n : CHur^ n — > CHur^ n+D induce 
isomorphisms in Hi for all sufficiently large n. Then 

^(CHur^J = ^(Map^D 3 , A(G,c))) 

for all sufficiently large n. 

Stabilization theorems of the desired kind were proved in }EVW09j for groups 
of order congruent to to 2 mod 4, as described in the previous section. Thus we 



obtain (1.1 part (a) 



1.4. Configuration— mapping spaces. Theorem 1.3.1 is actually a special case 
of a more general result concerning "configuration-mapping spaces." For an n- 
manifold M with boundary and a topological space X, we will construct a space 
CMap^(M;X) consisting of pairs (z,f), where z is an unordered configuration of 
k points in the interior of M, and / is a continuous, based function / : M\z—$ X. 

The Hurwitz space CHur^ n is our principal example of such a space. It is homo- 
topy equivalent to the subspace of the configuration mapping space CMap* (D 2 , BG) 
where we insist that the induced map on tti be surjective, and that loops around 
points in the configuration map into the free homotopy type of c C G = ■K\{BG). 
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Concretely: given a branched G-cover Y — > D 2 , the branch locus defines a con- 
figuration z £ D 2 ; and the cover defines a map / : D 2 \ z — > BG recording its 
isomorphism type. 

Our main technical result, Theorem 2.10.1| identifies the limiting homology of 



CMap£(M; X); Theorem 1.3.1 is an immediate corollary. 

Our proof of Theorem |2~1 . 1 1 follows the model set up in [May72[ [McD75l ISalOlj . 
with a few important modifications. We denote by CMap^(M; X) the subspace 
consisting of those (z, /), where / sends the boundary dM to the basepoint of X. 
We first show that for the n-disk, the union 

oo 

CMap a (D n ; A) := \[ CMapf (D n ;X) 

k=0 

forms an algebra over the little n-disks operad T> n . We are thus entitled to form 
the n-fold iterated bar construction of this algebra B n CMap a (£>"; X). A variant 
on the group completion theorem then gives 

H^{CMap°{D n \X))[i:Q 1 ] = H*{tt n B n CMap a (£» n ;X)). 

Finally it is possible to explicitly identify B n CMap a (Z?™; X): Using a quasifi- 
bration sequence, this may be described in geometric terms as the quotient of 
CMap a (Z? n ; X) by the relation where points are allowed to disappear on the bound- 
ary. In the situation of Theorem |1.3.1| this quotient space is closely related to 
A(G,c). 

The corresponding result for CMap* (D n ; X) is proven similarly We prove the 
theorem for general domain manifolds M using a handle decomposition of M and 
the result for disks. 

1.5. Stable Hq and result (b) from Now let us discuss in more detail the 

second result of §1.1| We begin by discussing the result without the Galois action; 
we continue to assume, for simplicity, that c consists of a unique conjugacy class. 
In the case of Hq the stabilization property (as enunciated in Corollary |1 .3.2 ) 



is known for any G, c. That Corollary shows, then, that for sufficiently large n 
the components of CHur^ n are the same as the components of Mapf (Z? 2 , A(G, c)), 
i.e., they are parameterized by degree n elements of the relative homotopy group 



7r2(j4(G, c), BG), where "degree" is as discussed after Theorem 1.3.1 



But we prove in part (ii) of Theorem 7.5.1 that the degree zero subgroup of 



7r 2 (v4(G, c), BG) is isomorphic to a certain explicitly computable quotient H 2 (G, c; Z) 
of the second homology group H%(G,Z). In particular, the degree n elements of 
7T2(A(G, c), BG) are a torsor for H 2 (G, c; Z), i.e. 

The components of CHq n are a torsor for ^(G, c; Z), 

at least for sufficiently large n. 

We have learned in the course of writing this paper that Fried has an (unpub- 
lished) proof of this result. The manuscript [Kulllj also contains arguments some- 
what related to our proof. A proof of a special case appears in |FV91| . following 
ideas of Conway-Parker. 

One easily computes this group H 2 (G,c;Z) to be isomorphic to H 2 {A 1 Z) G / A 
in the context of (1.1 However, the more significant part of (b) of j ]l.l| is the 



computation of the Galois action: 
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As we have discussed the set of components of CHur^ n carries an action of 
Gal(Q/Q), because CHur^ n is naturally identified with the complex points of 
a Q-variety. Theorem |8.7.3| computes this Galois action. The basic idea of the 
computation is simple: we just carry over some topological ideas into algebraic 
geometry The implementation is somewhat technical, however. 

We do not describe the Galois action in the general case here, except to say that 
it is a little more complicated than statement (b) , in that it involves a twist 
by a certain canonical cocycle in iJ 1 (Z x , H 2 {G, c)). 

Here is a simple example of this story: Let G be the semidirect product (Z/3Z) 2 xi 
{±1}, where ±1 acts by negation on (Z/3Z) 2 . Let c be the conjugacy class of 
involutions. In this case, it turns out that i?2(G, c) is isomorphic to Z/3Z. The 
Hurwitz scheme Hur^j n parameterizes hyperelliptic curves X of genus [_(n — 1)/2J 
together with an injection i : (Z/3Z) 2 H (X, Z/3Z). There are exactly three 
connected components for n large, differentiated by the pullback to (Z/3Z) 2 of the 
symplectic pairing to on H 1 (X, Z/3Z). The component corresponding to l*uj = 
is defined over Q, and the other two components are defined over Q(V~ 3). 

1.6. Application to the Cohen Lenstra heuristics; results (c) and (d) of 

§!•![ The example mentioned at the end of { 1.5 may suggest a relationship with the 



Cohcn-Lcnstra heuristics. Indeed, the idea of how to apply the foregoing results to 
the Cohen-Lenstra heuristics follows a general philosophy, enunciated in [EVW09, 
§1.7], that problems in analytic number theory, considered over a function field, 
become related to problems of stable topology. We refer to [EVW09 for more 
details on the translation. In the particular context of Cohen-Lenstra, we would 
like to mention also the work of J.-K. Yu [Yu97], who verified the connectivity 
of certain Hurwitz spaces and used this to draw conclusions towards the "large 
characteristic limit" of Cohen-Lenstra. 

Although our treatment of the deduction of the Cohen-Lenstra heuristics here 
is brief, since most of the technical details were handled in [EVW09 , we have 
here tried to state our results in as general a context as possible. For example, 
as mentioned after result (c) in we may obtain nonabelian versions of the 

Cohen-Lenstra heuristics. Moreover, our Theorem |11.1.1| provides a heuristic for 
the asymptotic number of G-extensions for an arbitrary finite group G, which is 
in conformity with conjectures of Malle and B hargav a but which extends them to 
substantially more general contexts^] Theorem 11.1.1 also implies that such asymp- 



totics would follow from a homological stability theorem in the sense of Corollary 

EH 

In fact, for application to Cohen-Lenstra heuristics, the computation of the 
Galois action on connected components of the relevant Hurwitz spaces (e.g., those 



discussed in the example at the end of i 1.5| can be avoided by appealing, instead, 



to known results on the monodromy of hyperelliptic curves ( |AH10[|Yu97j ) and the 
Weil pairing; we sketch this approach in Prop |6.0.3| On the other hand, as we have 
mentioned, the general understanding of connected components of Hurwitz spaces 
allow our results to be much more general; we chose to highlight the Cohen-Lenstra 



heuristics in f 1.1 since they are the best-known from this class of problems. 



2 For instance: it makes precise predictions about the effect of roots of unity in the base field. 
It is well-known that even the correct formulation of such conjectures in presence of roots of unity 
can be rather subtle. 
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1.7. Structure of the paper. We now briefly outline the contents of the various 
sections and how they fit together. 

Part 1 is purely topological, centered on the computation of the stable topology 
of configuration-mapping spaces. 

- f2 



gives definitions and states the main result (Theorem 2.8.11 



gives the proof of Theorem 2.8.1 



contains some arguments necessary for deriving limiting statements on 
homology from the results in stable topology obtained in the previous two 
sections. 

Part 2 deals with Hurwitz spaces and schemes. 

- <|5] applies the results of Part 1 to Hurwitz spaces. In particular, assuming 
stability, the rational homology of each component of the Hurwitz space is 



computed (Corollary 5.8.21. 



Sj6]is motivational: it sketches how the results of ^J5]can be applied imme- 
diately to the Cohen-Lensta heuristics, under certain simplifying assump- 
tions. 

- fjT] computes the set of components of the Hurwitz space via combinatorial 
group theory. (This could also be deduced from Part 1, but the approach 
given here is easier to translate into algebraic geometry). 

- SjSJis the technical core of this part. It defines the algebro-geometric version 
of Hurwitz spaces, the Hurwitz schemes, and computes the Galois action 
on their set of connected components. 

- <j9]is meant to be a user-friendly guide to the prior sections f7] and £[8j in 
particular aimed at readers who want to use the results of p] 

Part 3 deals specifically with the asymptotics of counting extensions of function 
fields (and, by analogy, of number fields.) 

- \ 10 sets up some necessary framework relating (G, c)-extensions of F q (t) 
with Fg-rational points on forms of Hurwitz schemes. 

- j]ll| formulates the main theorem about extensions of F q (t) with bounded 



discriminant. We show (Theorem 11.1.1) that, under an assumption of 



homological stability, the main theorems of the paper allow us to count the 
number of such extensions under certain conditions on ramification, and 
that the results support conjectures of Malle and of Bhargava. 
- fl2"| applies Theorem |11.1.1| to the Cohen-Lenstra setting; in this case, 
homological stability is known by [EVW09] , and one obtains the theorems 
announced in the introduction. 
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1.9. Notation. 

• Sk is the symmetric group on k letters. 

• The fc th ordered configuration space of a manifold M is denoted F k {M). 
The unordered configuration space is Cfe(M) := Fk(M)/Sk- 

• M := M\ dM is the interior of M. 

• For a group G, we will write G ab = G/[G, G] for its abclianization. 

• For a union of conjugacy classes c C G, write (c) for the (normal) subgroup 
generated by G. 

• If X is a topological space and G a topological group acting on X contin- 
uously the Borcl construction is XhG = X Xg EG. 

• Throughout, the word space will be shorthand for "space having the homo- 
topy type of a CW complex." 

• The symbol ~ will denote homotopy equivalence. 

• For topological spaces A and B, Map(A, B) will denote the space of con- 
tinuous maps / : A — > B, equipped with the compact-open topology. If A 
and B are equipped with basepoints, Map, (A, B) will be the subspace of 
based maps. 
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Part 1. Topology of configuration- mapping spaces 

2. Configuration-mapping spaces 

2.1. Construction. Throughout this section, we let M be a smooth, path-connected, 
oriented n-manifold, possibly with boundary or corners; we write dM for the bound- 
ary of M. Write M := M \ dM for the interior of M. 

The k th ordered configuration space, F k (M), is the subspace 

F k (M) := {(i x , ...,x k )\x i ^x j iii^ j} C A/ Xfe 

The space F k (M) admits a free action of S k by permutation of coordinates; the 
quotient space C k {M) := F k (M)/S k is the unordered configuration space. 

Let 5 C M be a subspace of M , and let (X, *) be any based path-connected 
topological space. 

2.2. Definition. The configuration-mapping space CMap fe (Af; X) is the space of 
pairs: 

CMa Pfe (M; X) := {(x, f) \ x € C k (M), f:M\x^X} 
Further, let CMapf(M;X) C CMap fe (M;X) be the subspace consisting of (x,f) 
with f\ s \(snx) = *• Finally, let CMap s (M;X) := JT fc CMapf (M; X). We topolo- 
gize these spaces as described below. 

For all n > 1, the diffeomorphism group Diff + (M,dM) acts on the unordered 
configuration space C k (M) transitively: for any pair x :— {x±, . . . x k } and y :— 
{yi, . . . ,y k } of configurations, one can find disjoint open balls f/j containing Xi and 
yi. The diffeomorphism group of a ball is doubly transitive, so we may construct a 
diffeomorphism of M (the identity away from the U{) which carries x to y. 

Pick a configuration z = {z±, . . . ,z k } £ C k (M), and write Diff + (M, z) for the 
subgroup of Diff + (M, dM) that fixes z as a set (i.e., possibly permuting the points 
making up z). The transitivity above yields a homeomorphism 

(2.2.1) C k {M) ^ Diff + (Af,aM)/Diff+(M,z). 

2.3. Example. Note that if M = D 2 , 

Diff+(C 2 ,z) ~ ^ (Diff+(C 2 ,z)) S Br fc = 7ri(C fc (D 2 )/S fc ) 

is the Artin braid group on fc strands. If we insist that that diffeomorphisms fix 
the configuration pointwise, we instead obtain the pure braid group PBrfe. These 
facts follow from the long exact sequence of the fibration (2.2.1 ), and the fact that 
DiS + (D 2 ,dD 2 ) is contractible. 

Note that Diff + (M, z) acts naturally on Map(M\z, X) by precomposition. There 
is a natural bijection 

(2.3.1) Diff+(M, 8M) x Diff+(M ^ ) Map(Af \z,X) -> CMa Pfc (M; X) 

which carries {<f>, f) to (4>(z), f o We may therefore topologize CMap fc (M; X) 

via the obvious (compact-open) topology on th e left side of the bijection. Further, 
the map Diff + (M,dM) -> C k (M) given by ( 2.2.1 1 has local sections. This is 
obvious in the case of a single point in D n , where global sections exist, since Ci{D n ) 
is contractible. The general setting follows "operadically:" produce local sections 
for an arbitrary configuration in M by gluing local sections on disks containing each 
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point to the identity. Therefore Diff + (M, DM) -> C k (M) is a principal Diff + (M, z)- 
bundle, and so we may conclude 

2.3.1. Proposition. The map (x, f) M- xis a fibre bundle CMap fc (M; X) — > Cfe(M) 
iwi/j /i&re over x given by Map(M \ x, X). 

2.4. Restriction of monodromy. We may define restricted configuration-mapping 
spaces by controlling the behavior of the function near points of the configuration. 
Since X is path-connected, we know that 7Ti(X, *) acts on ^^(X, *) for all k > 1 by 
the path lifting property of the fibration sequence 

n k X Map(S fe ,X) -> X 

In the case k = 1, this action is via conjugation in 7Ti(X, *). The quotient under 
this action is the set of free homotopy classes of maps from S to X, i.e., 

7r fc (A:,*)/7ripr,*) = [S fe ,X] =7r (Map(5 fe ,X)) 

Let c be a subset of 7r (Map(S" l_1 , X)) = n n -i(X, *)/tti(X, *). We will write 
Map c (S'" _1 , X) for the union of the components of Map(S'™~ 1 , X) indexed by c. 

2.5. Definition. Define CMap£(M, X) C CMap fe (M,X) as the subspace {(x,/)} 
with the restriction of / to the boundary of an small ball containing each Xi (and 
no other Xj) to be an element of Map c (5 f ™ _1 , X). 

In this definition, we use the fact that our choice of orientation on M gives a 
well-defined homotopy class of equivalences of S'" -1 with the boundary of small 
balls around Xi. 

2.6. Multiplicative structure and boundary monodromy. When we take 
M = D n , there is a natural multiplicative structure on the subspace CMap a (Z?"; X) C 
CMap(_D"; X) consisting of those maps which send all of dD n to *. 

2.6.1. Proposition. CMap a (L>"; X) is an algebra over the n- dimensional little 
disks operadT> n ; consequently, CMap 9 (-D™ ; X) is an Aoo topological monoid whose 
group completion flB CMap 9 (£) ra ; X) is an n-fold loop space. 





Figure 1. On the left, the action of an element of 2 ? 2 (3) on 
triple of elements of CMap 9 (D 2 ; X), as in Proposition 



2.6.1 



On 



the right, the action of an element of T>i(3) on a triple of elements 
of CMap H (D"; X), as in Proposition 
in grey is carried to * G X. 



2.6.2 



In both cases, the area 
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This algebra structure lifts the usual 2\-algebra structure on the union C(D n ) 
of configuration spaces of D n . Given an element of T> n (N) - a configuration of 
non-overlapping discs D\, . . . , -Djv inside D n - the corresponding map 

CMap 9 (L>"; A) xAr -> CMap 9 (L> n ; A) 

is defined as in Figure [T] More precisely, given points (a^, fi)i=i...N, we need to 
construct an (cc, /) in CMap a (Z? n ; X). Let fa : D n — > Di be the unique homeomor- 
phism which is a composite of a dilation and a translation. Then we can take x to 
be the union of the 4>i{x_j), and / to be the function which is / o <f>~ 1 on the little 
disc Di and * on the complement of the little discs. 

Pick a basepoint * £ D n on the boundary, and write CMap*(D n ;X) for the 
subspace of CMap(D n ; X) consisting of maps which carry * in D n to * in X. Then 
there is a sequence 

(2.6.1) CMap 9 (D n :X)^^CMap*(D n ;X)- r ^n n - 1 X 

where res(z, f) — f\dD n ', res is a union of fibrations, indexed by the number k of 
points in a configuration. 

2.6.2. Proposition. CMap* (D n ; X), QP^X, and CMap°(£>";X) are homotopy 



equivalent to T> n -\- algebras, and the maps in (2.6.11 are maps ofD n -\- algebras up 
to homotopy. 

Proof. First of all, the operad D„_j embeds in T> n ; the configurations of little 
discs in D n ~ Y are in natural bijection with the configurations of little discs in D n 
whose centers lie on the bisecting plane x n = 0. In particular, any 2?„-algebra (for 
instance, CMap a (D n ;X)) is a 2?„_i-algebra by restriction. The loop space Q n ~ 1 X 
is also a 2?„_i-algebra (indeed, these operads were invented to model iterated loop 
spaces) . 

As for CMap*(£>"; X), it can be identified with the subspace CM&p H (D n ; X) C 
CMap(D™;X) which carries the southern hemisphere H C dD n to *. The operad 
structure is as above: given a configuration of little discs D\, . . . , Dn on D n with 
centers on x n = 0, and a list of N elements (x^fi) of CMap ff (D n ; X), we can 
substitute {x^fi) into Di. We now need to extend the resulting map HZ^ — > 
X to all of D n . We send the points outside the little discs with x n < to *. 
If (xi, . . . ,x n ) £ D n is a point outside the little discs with x n > 0, we define 
f(xi, . . . , x n ) to be f(x\, . . . , x' n ), where x' n is the unique nonnegative value such 
that (x\, . . . , x' n ) lies on the boundary of some Di, if there is such a value, or 0, if 
there is no such value. 

□ 



We have now shown that QB CMap* (D n ;X) is an (n— l)-fold loop space Q n 1 Y, 
for some space Y. In the following section we give a model for Y. 



A summary of the different configuration mapping spaces: 



CMap fc (M;A) 


k points x £ M, and a continuous function f : M \ x—> X 


CMa P fc(M;A) 


the restriction of / to a sphere around Xi lies in c C X] 


CMap^(M;X) 


furthermore, f\s\(Snx) i s constant at * £ X 


CMap£*(M;X) 


in particular, /(*) = *; i.e., / is basepoint-preserving. 
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2.7. Stabilization results for configuration-mapping spaces. As above, take 
(X, *) to be a based topological space, and c C n n -x(X) a union of orbits under 
the action of tt\(X). 

2.8. Definition. Let A n (X, c) be the pushout of the diagram 

D n x Map c (S m - 1 ,X)-^^S"- 1 x Map^S"" 1 , X)— ^X 

Here, ev(s,f) = f(s). There is an inclusion X — > A n (X,c); define A' n (X,c) to be 
the homotopy fibre of this map. If n = 2 and X = BG is the classifying space of a 
group G, we will write 

A(G,c) := A 2 (BG,c) and A'(G,c) := A' 2 (BG,c). 

Lastly, in all of these definitions, the letter c will be dropped when c = 7r n _i(X); 
e.g., A n {X)=A n {X,ir n . x {X)). 

The most basic and important configuration-mapping spaces are those for n- 
dimensional disks D n . We identify the homotopy type of their group completion: 

2.8.1. Theorem. There is a homotopy equivalence 

nB CMap c '*(.D", X) ~ Map* ((£>", S"" 1 ), (A n (X, c),X)) 

2.8.2. Remark. The function space Map, ((£>", S" 1 ^ 1 ), {A n {X , c) , X)) may be iden- 
tified as ft n ~ 1 A' n (X, c) by examining the definition of the homotopy fibre. 

We prove Theorem |2.8.1| in section [3j The multiplicative structure described in 
section 2.6 makes M := 7r (CMap c '* (D n , X)) into an associative monoid (commu- 



tative when n > 2). 

2.9. Definition. An element V E M will be called a central stabilizer if it lies in 
the center Z(M), and if, for any m 6 M, there exist m', m" € M and fc, I > such 
that 

mm' — V k and m"m = V 1 

A variation on the group completion theorem then gives the following: 

2.9.1. Corollary. If CMap c, *(Z?", X) admits a central stabilizer V, then there is 
an isomorphism 

0^(CMap c fc *P",A))) [V- 1 ] -+H.(Map,((D n ,S n - 1 ),(A n (X,c),X))). 

When the monoid M is isomorphic to N, it is easy to conclude from this result 
that there is an isomorphism 

limtf^CMapni)",*)) = ff*(Map°((D", S n ~ x ), (A n (X, c), X))) 
v 

where the target space consists of maps (D n ,S n ^ 1 ) — > (A n (X, c), X) which, when 
composed with the natural projection from the latter to (S n , *), are of degree 0. For 
general M, an analogous result holds, but it will not be necessary for our purposes 
to have a precise statement. 

This result extends to configuration-mapping spaces for general manifolds with 
boundary. To state the result properly consider the following construction. Let M 
be a manifold with boundary, and choose a basepoint * g dM . Write D(M) for the 
unit disk bundle of the tangent bundle of M. Define a fibre bundle E n (X, c) over 
M, gotten by fibrewise replacement of D n in D{M) by A n (X,c). More carefully, 
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equip M with a metric, and let F(M) is the unit frame bundle of M. The group 
SO(n) acts on A n {X, c): trivially on X, and on D n x Map c (5 n_1 ,X) by 7- (x, f) = 
(7 ' xjoj- 1 ). 

2.10. Definition. Let E n (X,c) := F(M)x so( „) A n (X, c) and write £ n (X, c)) 

for the space of continuous sections of E n (X, c) of degree k which carry points in 
m £ dM to the copy of X in the fibre over m and * to the basepoint of A n (X, c). 

2.10.1. Theorem. If CMap c '* (D n , X) admits a central stabilizer V, then there is 
an isomorphism 

(0ff»(CMa P £*(M,X))) [V' 1 ] = H4T(M;E n (X,c))) 
Note that if M is parallelizable, then E n (X, c) = M x A n (X, c), and so 
T(M;E n {X,c)) = Map»((M,0), (A n (X, c), X)). 

3. Proof of Theorem 12.8.11 

Our method of proof is adapted from |May72[IMcD75(ISalO"T] . That is, we first de- 
fine relative configuration-mapping spaces and prove that they satisfy a quasifibra- 
tion property. Using this, we construct quasifibrations which model the path-loop 
fibration. More precisely, we will construct a sequence of spaces Bi, B2, . ■ ■ , B n , 
together with "scanning" morphisms : Bk-i — > QBk for k — 1,2, ... ,n. We 



will show that Sk is a homotopy equivalence f or 1 < k < n (Lemma 3.5.1), that 



Bi is homotopic to S(CMap (I n ,X)) (Lemma 3.3.11 and that B n is nomotopic to 



A n {X) (Lemma 3.5.2); together, these yield Theorem 2.8.1 



3.1. Relative configuration-mapping spaces. Let N C M be a closed subman- 
ifold of the same dimension as M , possibly with boundary or corners (so that the 
complement M \ N is an open manifold) . 

3.2. Definition. Write CMap s ((M, N); X) for the quotient of CMap s (M;X) = 
\\ k CMapf (M; X) by the equivalence relation (x, f) ~ (x', f) whenever 

i n(M\JiO=it'n(M\JV) and f\ JlW =f'\j m 

We think of CMap s ((M, N); X) as the space where configurations disappear 
when they enter the interior of N , and where functions are defined only up to 
modification on the interior of N . 

Let n > 1 be an integer. For the proofs of the main results, we will use the n- 
cube I n in place of the disk D n , in order to make the induction easier to describe. 
Further, our model for CMap*(/",X) will be CMap p (/ n , X), where P = dF 1 ' 1 x 
/ U x {0}. In other words, P is the closure of the complement in dl n of the 
"top" face of dl n ; the contractibility of P gives a homotopy equivalence 

CMap p (r\ X) ~ CM&p*(I n ,X) 

We will use relative configuration-mapping spaces to produce iterated bar con- 
structions for CMap 9 (7™,X) and CMap p (I", X). We begin by specifying 

I:=[0, 1], J:= [-1,2], and DJ :=J\I= [-1,0] U [1,2] 
Here J is a fattened form of /, and DJ is a fattened form of dl within J. We may 
extend this notion to an analogue of dl k by defining DJ k = (J k \ I k ). 
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For each t £ I, let r fc (t) : J fc_1 x I n ~ k + l J k x I n - k be the map 

Tk(t)(si, ...,S n ) = (si,..., Sfc_i, S fe + 2t - 1, Sfc+l, • . • ,s„) 

which slides the J k ~ 1 x across J fc x I n ~ k in the fc th coordinate. 

Further, for each x 6 J k ~ 1 x / Tl - fe + 1 ) we define a family of functions 

T k {t) : Map(J fc " 1 x \x,X) Map(J fc x I n - k \x,X) 

by shifting functions in the analogous way: 

ff(si,...,Sk-x,Sk + l-2t,s k +i,...,s n ), < s fe + 1 - 2t < 1 
/(si, . . . , Sfc_i, 0, Sfc + i, . . . , s„), s k < 2t - 1 

/(si, . . . , s fc _i, 1, Sfc + i, . . . , s„), Sfc > 2t 

3.3. Definition. Let k be an integer in {1, . . . ,n}. We now define the fc-fold bar 
construction that will provide our models for loop spaces of A(X). There are two 
cases, which we treat simultaneously; we may let S = dl n and S' = d(J k x I n ~ k ), 
or S = P and (with the extra hypothesis k < n) 

S' = d{J k x J"-* 1 - 1 ) xlUJ k x r l - fe -! x {0} 

We now define 

B k (CMa.p s \l n , X)) := CMap s '((J fc x I n - k ,DJ k x I n - k );X). 
Furthermore, define the scanning maps s k : i?fe-i(CMap s (J", X)) riB fc (CMap s (I", X)) 

by 

Sk(x,f)(t) := (7*(t)fe),T fc (<)(/)) 

Note that when t = or t = 1, the configuration Tfc(t)(a;) has all Xfc coordinates 
in J\I, and the function T k (t)(f) sends I k x J n ~ k to *; this is just to say that in 
CMap S '((J ft x I n - k ,DJ k x r- k )-X) we have s k (x,f)(0) = s k (xj)(l) = (0,*). 




FIGURE 2. A picture of an element of Bi(CMap(7 2 , X)); config- 
urations in the grey area are dropped, and function data ignored. 
The scanning map s% "slides" a configuration-mapping on I 2 from 
left to right horizontally across the rectangle J x I. 

If S = P and k — n, we can define the scanning map s n in an analogous way, 
its image is not a loop in B n (CM&p p (I n , X)), but rather a path ending at the 
basepoint. 

The terminology "fc-fold bar construction" is justified below by Lemma |3.5.1| 
but for now, we content ourselves with: 
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3.3.1. Lemma. For S = P or dl n , there is a homotopy equivalence 
Bi(CMap 5 (/",X)) ~ B(CM&p s (I n ,X)) 

Proof. There is a strictly associative monoid M which is weakly multiplicatively 
homotopy equivalent to CMap s (I", X). M is denned as the set of pairs 

M := {(r,U,/))UC[0,r]x/"- 1 ,/| (riCo)x/ „- 1 =*} 

C [0,oo) x CMap s ([0,oo) x 

We note that M fibres over [0, co) with fibre over r identifiable as CMap s ([0,r] x 
7 n_1 ,X) The multiplicative structure on M is given by 

(r, (z, /)) • (s, (x, g)) = (r + s, (z U T r {x), f U T T (g))). 

where T r is the operation that translates configurations and functions to the right 
by r (or T\(r) in the notation used above). 

There is an interpretation of the simplicial classifying space BM: it consists 
of ordered configurations < t\ < t 2 < ■ ■ ■ < tk < 1 of points in [0, 1] labelled 
by elements of M. Points are allowed to collide, and when they do, their labels 
multiply. Furthermore, points and their labels are dropped if they are equal to 
or 1. More carefully, 

BM := ]J A fe x M xfe / ~ 

k 

where the equivalence relation <~ is generated by 

(1) (0,t 2 ,...,t k ;m 1 ,...,m k ) - (t 2 , ■ . ■ ,t k ; m 2 , . . . , m k ) 

(2) (ti, . . .,ife_i, l;mi, . . . ,m k ) ~ (ti, . . .,t fc _i;mi, . . . ,m k -\) 

(3) If ti = ti+i, then 

(t 1 ,...,t k ;m 1 ,..., m k ) ~ . . . , t i} t i+1 , . . . , t fe _i;mi, . . . , (m, • m i+1 ), . . . , m k ) 
Note that BM is homotopy equivalent to a similarly defined space 

B'{M) :=]JCi(fc) x M xfe /~ 
fe 

Here Ci(fc) is the space of configurations of k little intervals (ci, . . . ,c k ) in R with 
disjoint interiors, with a to the left of c i+ i for all i The equivalence relation ~ is 
generated by 

(1) If the right boundary of ci is less than or equal to 0, then 

(ci,...,Cfc,mi,...,TOfc) - (c 2 ,...,c fe ,m 2 ,...,TOfc) 

(2) If the left boundary of c k is greater than or equal to 1, then 

(ci,...,c k ,mi,...,m k ) - (ci,...,Cfc_i,TOi,...,mk_i) 

(3) If the right boundary of Cj equals the left boundary of Cj+i, then 

(ci, . . . ,c fc ,TOi, . . . ,m fc ) - (ci, . . . ,Cj U Ci+i, . . . ,c fe ,mi, . . . , (mi • m i+1 ), . . . ,m fc _i), 
where Cj U Cj+i is the little interval whose image is the union of Cj and Cj+i. 

An equivalence : B'(M) Si(CMap s (/", X)) is given by rescaling elements of 
M and placing them inside the boxes defined by the configuration of little intervals. 
Explicitly, if c, : I — > R is a little interval in R and (r,,^, /j) e M, we make the 
following definitions: 

• d t = c t x idjn-i :/ x MRx 7" _1 . 
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• x t is the configuration in / given by di(S ri (zj), where S r (t\, . . . , t n ) = 
(t 1 /r,t 2 , . ■ ■ ,t n ). 

• gi is the function on im (cZj) given by fa o S~ 1 o . 

These extend in a natural way to the case = 0. Note that the functions gi 
are constant at * on im (c?j({0, 1} x J™ -1 )); thus they extend (by *) to a continuous 
function g on J n_1 . Define 

</>(d, . . . ,c k , (ri,0!,/i),. . . , {r k ,z k ,fk)) = {UiXi,g). 

This has image in CMap s ((R x J™ -1 , [R\ (0, 1)] x I"" 1 ), X), which is homeomor- 
phic to Bi(CMap s (/",X)). The definition of preserves the equivalence relations 
defining B'(M), and so gives a well-defined map. A homotopy inverse carries (y, h) 
to (id, (1, y, hj), where id <G Ci(l) is the identity little interval id : J — > J. 

□ 

3.4. The quasifibrations. 

3.4.1. Lemma. Let M be a connected, compact n-manifold, S C M a subspace, 
M' C M a compact n-submanif old, and N a closed n-submanif old such that (M' , NCi 
M') is connected. Then there is a quasifibration sequence 

CMap (5nM ' )uaM '((M', N n M');X) ^CMap 5 ((M, N); X) 

7T 

T 

CMap 5 ((M, M'UN);X) 

Here the quasifibration n simply quotients by the defining equivalence relation 
of CMap 5 ((M,M'U A);A), which is stronger than that of CMap s ((M, N); X). 

Proof. For brevity, we write Z for the closure Z := M\ (M' U N). Consider the 
fibre 

7T-W) = {(y,g)} C CMap s ((M, A);X), 
where we pick a representative x C Z, and / : M \ x — > X. This consists of 
configurations t/ C M' (modulo those lying in the interior of NOM'), and functions 
g : M'\y — > A" which agree with / on QM' (modulo those that differ only in NDM'). 
This is precisely the subspace 

■K~\x,f) = {(y,g) | g\ 0M , = f\ dM ,} C CMap< SnM ') ((M', TV n M'); A). 

Note that this does not depend upon x. Further, the fibre over (x, c* ) , where c* is 
the constant map at * e X, is CMap (5nM ' )uaM ' ((M', n M'); X). 

As is standard in proofs like these, we use the Dold-Thom criterion for quasifi- 
brations. The space CMap' s ((M, M' U N);X) has a filtration by the image 

C k := im(CMapf(M;A)) C CMap s ((M, M' U N);X) 

of CMapf (M; X) in CMap 5 ((M,M'{JN);X). To use the Dold-Thom criterion, we 
must show: 

(1) The map it : n^ 1 (Ck \ Cfc-i) — > Cj, \ Cfe_i is a fibration, with fibre 
CMap (SnM ' )uaM '((M', A n M'); A). 

(2) There is an open subset Uk C Cfe, containing C^^i and homotopies 

hf.C k ^C k and ff t iTr-HCfe)^^ 1 ^) 

such that 
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(a) h = id, h t (C k -i) C C k -i, and hi(U k ) C C fc _i; 

(b) H = id, 7r o H t = h t o 7r; 

(c) i?i : 7r _1 (x, /) — > tt^ 1 (hi(x, f)) is a homotopy equivalence for each 

{x,f)eU k . 

There is a map 

CfcXCfc-i-^CMapf 1 ^;^) 

which sends (x, /) to (xfl Z, f\z)- This is a homeomorphism onto its image, which 
consists of those (z,g), where g admits an extension to M, constant on S. 
Define restriction maps tm and Tm' 

CMap s ((M, M' U N):X)-^MMdM\X)^^CM&v {SnM '\{M',N r\M r )]X) 
both given by the equation r(x, f) = f\dM' ■ Then we may define a homeomorphism 

h : (C k \ C fc _!) x Map(aM ,, x) CMap( sm/ ')((M',iVn M');X) Tf- 1 ^ \ C fc _i) 
(where the fibre product is over rjf and r^f), by the formula 

^(fe /)) (y, g)) = (xuyj u aM > g) 

Now, Vm, restricted to Ck \ C k -i, is a fibration (with fibre over c* given by 
CMap^, SuaM ' >nZ (Z; X). Therefore the projection from the domain of h to C k \C k -\ 
is a fibration. Since h is a homeomorphism, this proves item 1. 

To construct the homotopies, we choose a collar neighborhood U of M' with the 
property that there is an isotopy which retracts U into M'. That is, we require a 
path of homeomorphisms 

J t :M-> M 

such that J is the identity, Ji(J7) C M', J t (S) C S, and J t (iV n f7) C iV for all t 
Let U k be defined as 

^ = {fe /) I #(^ n (M \U))<k-l}C c fc . 

Since M' C f7, this contains C fc _i = {(i, /) | #(x (1 (M \ M')) <k-l}. Define h t 
and i? t by the same formula 

ht(x,f) = (J t (x),foJ t - 1 ) 

By construction, (a) and (b) of item 2 are immediately satisfied. As in Lemma 
3.4 in [McD75 and Lemma 6.1 in SalOf], to show (c), we identify the fibre over 
(x,f) with CMap (SnM ' )uSM '((M',7Vn M');X). Then Hi pushes configurations 
away from dM', and glues in the configuration given by intersecting hi(x, f) with 
U . But since U meets N, there are paths from hi (x) D U into N; we may homotope 
the added points along these paths (and deform / concurrently) where they are 
dropped. Thus Hi is a homotopy equivalence. 

□ 

3.5. The proof of Theorem [2XT] 

3.5.L Lemma. For S = P ordI n , the scanning maps s k : £?fc_i(CMap s (I™, X)) — > 
f2-Bfc(CMap s (/™, X)) are weak equivalences for l<k<nifS = Porl<k<nif 
S = dl n . 
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Proof. We define M :— J k x I n ~ k , and two subspaces 

N := (DJ k - 1 x J x r~ k ) U ( J^ 1 x [-1, 0] x I n ~ k ) and M' := J k ~ 1 x [1, 2] x I n - k 

Together, NUM' = DJ k xI n - k , so CMap s ((Af, NUM f ); X) = 5 fe (CMap 5 (f\ X). 
Further, the shift (in the k th coordinate) by 1 is a homeomorphism from (M',N P\ 
M') to (J*- 1 x I n - k+1 ,DJ k - 1 X jn-k+l^ so 

CMap s ((M',iVn M');X) S fe _i(CMap 5 (7 n , X)) 

There is a commutative diagram 

Bn(CMap s (/ n , X)) ^CMap 5 ((M, N); X) — ^B k (CMsHp s (I n , X)) 

Sk s = 

ClB fc (CMap S (/ n ,X)) ^PB k (CMap s (I n ,X)) ^B k (CMap s (I n , X)) 

Here s is defined by the same formula as sj^. The lower row is the path-loop fibra- 
tion. The upper row is a quasifibration by Lemma |3.4.1| Both spaces in the middle 
are contractible. For the path space, this fact is classical. For CMap s ((M, N); X), 
we note that there is an isotopy of M into N that "pushes out from M'." Thus 
CMap ((M, N);X) deformation retracts into the subspace consisting of configura- 
tions of points in M and a constant function / whose value is determined on M'. 
So, if M' C S (which is always the case for S = dl n , and for k < n if S = P), this 
subspace is a point. We conclude that s k is a weak equivalence using the long exact 
sequence of homotopy groups associated to a (quasi-)fibration and the five lemma. 

□ 

We may identify the iterated bar constructions for these configuration-mapping 
spaces: 

3.5.2. Lemma. There are equivalences 

A n {X)~B n (CM&p d (I n ,X)) and A' n (X) ~ B„_ 1 (CMap p (/™, X)) 
Proof. Let us start with the first equivalence. We note that, since dJ n C DJ n , 

S n (CMap a (/",X)) = CMap 9 \(J n , DJ n ); X) = CM&p((J n ,DJ n );X) 

has no restriction on the values that functions take on the boundary of J n . 

Write z for the center of J™, and consider a configuration x — (xi, . . . x k ). We 
may non-uniquely order the configuration so that x\ is closest to z, and X2 is 
next closest. Define r = r(x) — d(z,X2) > to be the distance from z to £2- 
Radial expansion out from z at a rate of 1/r then gives a deformation retraction of 
CMap(( J", DJ n ); X) onto C\, the subspace consisting of pairs (x, /), where x = X\ 
consists of (at most) a single element within I n . Now, C\ evidently breaks up into 
a disjoint union of two spaces: C{, where x\ lies in the interior of 7™, and C", where 
X\ G DJ n . There is a homotopy equivalence 

C[ -> D n x Map^™- 1 ,^) 

which sends (x±, f) to (<p(xi), /') where 4> : I n — > D n is a homeomorphism, and /' 
is the restriction of / to a small sphere around x\. Further, C" is homeomorphic 
to Map (I n , X), which is in turn homotopy equivalent to X. These spaces are glued 
together by restriction along the boundary of I n ; this is precisely the way that 
A n (X) is defined. 
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For the second equivalence, use the quasifibration sequence of the proof of Lemma 

B„_i(CMap p (7", X)) ^CMap p ((M, N);X) — ^►_B Il (CMap p (/ n , X)) 

Again, we may drop the P in the last term, so B„(CMap p (J™, X)) is equivalent 
to B„(CMap(7 n ,X)) = A n (X). However, CMap p ((M, N);X) is no longer con- 
tractible; rather, the retraction above gives homotopy equivalence to Map(I™, X) ~ 
X. The result follows. 

□ 



We note that the same proofs of Lemmas 3.3.11 3.5.1 and 3.5. 2| hold upon re- 
striction of monodromy to c C Tr n -i(X). Theorem 2.8.1 then follows by the string 
of weak equivalences 



VLB CM&p c <*(I n ,X) 



flBi(CMap c, *(/ n ,X)) 
Q 2 S 2 (CMap c '*(J",X)) 



n n - 1 5 n _ 1 ((3Map c '*(r , ) X)) 

n n - l A' n (x )C ) 



afforded by these Lemmas. 



3.6. Other source manifolds. Let M be a connected, compact manifold with 
nonempty boundary, and D~ C M be an embedded cube meeting dM. That is, 
there is an embedding of [—1, 0] x J" -1 into M with image D~ , carrying the subset 
{0} x J™" 1 into dM. 

Recall that we write T(M;E n (X,c)) for the space of sections of the bundle 
E n (X, c) over M with fibre A n (X, c) that carry points m £ dM into the copy of 
X in the fibre over m (and carry the basepoint of M to the basepoint of A n (X, c) 
in the fibre over it). We will write T((M, D~); E n (X, c)) for the larger space of 
sections where this restriction only holds for m £ dM \ (dM n D~). 

3.6.1. Theorem. There is a weak equivalence 

CMap c '*((M, D~),X)-> T((M, D~); E n (X, c)). 

Proof. One may give a formally identical to the proof of Theorem 2.6 in |McD75j . 
which implies this result when X is a point. Alternatively, we may proceed by 
handle induction. Every n-manifold M with boundary has a handle decomposition 
using handles of index k < n. The proof of Lemma |3.5.1| gives the base of the 
induction, when M = D n consists of a single cell; then M deforms into D~, so 
both CMap c '*((M,L>-),A) and L((M, D~ );E n ( X, c)) are contractible. 

Now assume that the result is true for a manifold Mi , and that M is gotten from 
Mi by attaching a /c-handle D k x D n ~ k with < k < n along S k ^ 1 x D n ~ k . Write 
M2 for a "fattened" version of the handle; that is, we may assume that there is a 
subspace M 2 C M, homeomorphic to J k x I n ~ k with M x n M 2 = DJ k x I n ~ k ^ 
gk-i x jn-fc+i_ p ur thermore, we may arrange this handle so that D~ n M 2 = 0. 
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Consider the diagram 

CMap c '*((M 1 ,_D-),X) - 



r((Mi,D-);E„(X, c)) ■ 



-CMap c '*((Af,Z)-),X) ■ 



■ T((M, D~); E n (X, c)) - 



-CMap c '*((J fe ,DJ fc ) X / n ~ fe ,X) 



■T{(J k ,DJ k ) X / n - fc ;£ n (A',c)). 



The upper row is the quasifibration sequence of Lemma |3.4.1| given by quotient by 
M\. Likewise, the lower row is the fibration sequence coming from restriction of 
functions to M2. Further, the left and right vertical maps are weak equivalences, 



by induction (on the left), and by Lemmas 3.5.1 and 3.5.2 (on the right), since 



T((J k ,DJ k ) x I n - k ;E n {X,c)) ~ n n ~ k A n {X,c) 
The result for M then follows by the five lemma. 



□ 



4. Group completion arguments 



4.1. The proof of Corollary |2.9.l[ We have shown that CMap c '* (D n , X) ad- 
mits the structure of an £7 n _x -algebra; in particular it is an iJ-space. Let A 
denote a rectification of CMap c '*(-D™, X); that is, A is a strictly associative, unital, 
topological monoid, equipped with an equivalence A — > CMap c '*(-D", X) which is 
multiplicative up to homotopy. 

Assume that A (and hence CMap c '*(D™, X)) admits a central stabilizer V; pick 
a representative of this element of 7r , which we will also write as V. Define A^ as 
the telescope on multiplication by V: 

A x := Tel(A — ^ A — ^ ■■■) 
Since V is central, Aoo admits an action of A. Consider the map 

p : Aoo x A EA -> BA. 
The domain is contractible, as it may be identified with the telescope 

Aoo x A EA := Tel(A x A EA — V -> A x A EA — ^ ■■■) 

Thus the homotopy fibre of p is flBA. 

If g £ A, there is an induced map : H»(A 00 ) — > H^(A oa ). By assumption, 
there are elements g' and g" in A with 

3*<£ = V? and = Fj. 

As powers of V are automorphisms of H* (Aoo), we see that A acts on A^ through 
homology isomorphisms. The results of |MS76 j implies that p is a homology fibra- 
tion; thus the comparison map 

Aoo -> MBA 

from the actual fibre of p to its homotopy fibre is a homology equivalence. Since 
-H*(Aoo) — .ff*(A)[V _1 ], we conclude (using Theorem 2.8.1) that there is an iso- 
morphism 

H,(CM a p c '*(D n ,X))[V- 1 ]^H4M^((D n ,S n - 1 ),(A n (X,c),X))) 
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4.2. The proof of Theorem [2.10. l[ Let M, D~ be as in section^ Write M+ 
for the manifold (with corners) 

M+ = MU D - (Jxf" 1 ), 

and let D+ = [1,2] x J"" 1 . 




Note that CMap c '*(M, X) admits an action of the E^-i-monoid CMap c (7 n , X)hy 
attaching a cube along dM at * and compressing the new boundary into M. Write 
H for a rectification of CMap c '*(M, X) to a strict A-module. Then one can form 
the telescope -ffoo of the action of V on H, and retains a A-action. 

4.2.1. Proposition. There is a commutative diagram 

H^XaEA CMap c -*((M+, D+); X) = > r((M+, D+); S„(X, c)) 



V Y 
= ^CMap c '*((J,DJ) x J n - x ;JC) — =^r((J,DJ) x J™ -1 ; E n (X, c)) 

in which the rows are homotopy equivalences. 

The middle vertical map is the quotient wherein configurations in M are allowed 
to disappear. The right vertical map is the fibration given by restricting sections to 
J x J™ -1 c M + . The same arguments as in the previous section give a homology 
isomorphism of with the the fibre of res. But the fibre of res over the constant 
map at the basepoint of A n (X, c) is precisely the space of sections over M + which 
are constant on Jxl n ~ x . There is clearly a homotopy equivalence (M + , Jx/ n_1 ) — > 
(M, *) of pairs, so we conclude that the map 

i/ 00 ^r(Af;S„(X, c)) 

is a homology isomorphism; this concludes the proof of Theorem 2.10.1| 



Proof. The fact that the horizontal maps of the square on the right are homotopy 
equivalences are the content of Theorems |3.6.1| and |2.8.1[ Its commutativity is 
obvious. Lemma [3 . 3 . 1 | gives the lower left equivalence; further, its proof immediately 
generalizes to give a homotopy equivalence H Xa EA — > CMap c '*((Af + , D + ); X). 

Moreover, this map commutes with stabilization by V, and so defines the required 
map from Hoo Xa EA. But the inclusion H xa EA — > Hoo Xa EA is a homotopy 
equivalence, since the map induced on H x a EA by V is nomotopic to the identity 
(push V into D+). 

□ 
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Part 2. Stable components of Hurwitz spaces and Hurwitz schemes 

5. Hurwitz spaces 

Our primary application of the machinery developed so far will be to the stable 
homology of Hurwitz spaces, which parametrize branched covers of a disk with spec- 
ified Galois group G. (We expect our results carry over, with natural modifications, 
to analogous questions where the disc is replaced by an arbitrary oriented surface 
with boundary.) 

In this section, we recall some of the results of Part 1 in the specific context of 
Hurwitz spaces. In particular, we will deduce from those results an identification 



(Corollary 5.8.2) of the homology of components of the Hurwitz space. 



5.1. Notation. Although the definitions of Hurwitz spaces make sense in the case 
when G is discrete, we assume for the rest of the paper that G is a finite group. We 
denote by c a generating subset of G invariant under conjugation, by c/G the set 
of conjugacy classes making up c, and by Z c / G the free abelian group on c/G; for 
C £ c/G we denote by ec the corresponding element of Z c / G . For x <E C we write 
simply e x for ec- Thus, with this notation, e x = e y if and only x is conjugate to y. 

There is a morphism 

(5.1.1) Z c / G -> G ab 

sending e x to the image of x in G ab , for any x € c. This homomorphism is surjective 
because c generates G. 

We typically denote an element of Z c / G by m; then we write 

\m\ = m(C); mindeg(m) = min m(C). 

cec/G 

We sometimes say "for sufficiently large m" as an abbreviation for "there exists N 
such that, if mindcg(TO) > N , ..." 

We denote by D 2 the unit disc {zeC:|z|<l}, and by D 2 its interior. We fix 
a basepoint * on the boundary of D 2 . 

5.2. Hurwitz spaces. Let Conf n be the configuration space of n un-ordered points 
in the interior of the disc. In the notation of the first part of this paper, Conf„ = 

c n {b 2 ). 

We will consider n-branched G-covers of the disc. By that we mean: a configura- 
tion {Pi, . . . , P n } inside the interior of the disc D 2 , together with a homomorphism 

(5.2.1) p : ^(D 2 -{P u ..., P n }, *) -> G, 

where * is the fixed point on the boundary of D 2 . 

Such data arises from a branched G-covering: Suppose given a Riemann surface 
T with boundary, and a point f G T, together with 

/ : (T,f) (-D 2 ,*) together with G ^ Aut(/). 

We also suppose that G acts simply transitively on the fiber of a general point, / 
is branched at exactly n (unlabelled) points in D 2 and /(f) = *. Then the effect 
of monodromy on f defines p as in ( |5.2.1 ) . (Note that modifying f by the action of 
G has the effect of conjugating p.) 
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We denote by Hurc,n the space of such coverings (considered up to isomorphism). 
This admits a natural map to the configuration space of n points in D 2 and we 
topologize Hur<3 jn such that this is a covering map: 

7r : Hur Gin Conf„ 

Note that Hma,n carries a G-action by conjugation. Some authors reserve the term 
"Hurwitz space" for the quotient of Hur<3 „ by this G-action. 

The image of a counterclockwise traversal of 3D 2 based at * defines an element 
of G, which we call the boundary monodromy. The boundary monodromy induces 
a continuous map Hurc, n — > G, thus separating Hur<3 „ into components. 

5.3. Variations. 

- We denote by Hurjj n C Hurg „ the Hurwitz moduli space parameterizing 
covers such that the monodromy around every branch point belongs to c. 

- For m € Z c / G , we denote by Hur^. m C Hur G | m | the subspace parametriz- 
ing covers with 771(C) branch points of type C, for each conjugacy class C in 
c/G. (We sometimes refer to m as the "multidiscriminant" of the covering.) 

- By prefixing a C to Hur, we denote the subspace that parameterizes only 
connected coverings (i.e., p surjective or T connected, with the notation 
above). Thus, for example, CHur G n parameterizes connected covers of the 
disc, with 7i branch points and all monodromy of type c. 

- Let Confjj be the colored configuration space, whose points parametrize 
subsets S C D 2 endowed with a function S — > c/G; and finally let Conf^ be 
the subset of colored configurations where exactly 777(C) points are colored 
with C for every C € c/G (and all points are colored, so that J2 C 777(C) = n). 

These definitions agree with the notation of [EVW09, 2.2]. There are natural 
covering maps 

7r : Hur G: „ -> Conf n 

: Hur G,n -> Conf n 

: Hur G,m Conf^ . 
and similar mappings for the subspaces parameterizing connected covers: 

7r : CHurG,„ — > Conf„ 
7T : CHur^ „ -> Conf° 
7T : CHur^ „ -> Conf^ . 

Clearly Hur^ n and Hur^ m are unions of connected components of Hurc ^. 
Similarly, Conf c n and Conf c m are unions of finite degree covers of Conf „ . 

5.4. The map HurG,n — > Conf„ is a covering space, and so it is determined by the 
action of the fundamental group of Conf„ on a fiber. 

Let z be a configuration of 77 points in D 2 . 

The fundamental group of D 2 \zis free of rank 77; the fiber of Hur^ „ — > Conf„ 
above z is the set of homomorphisms 

nx(D 2 \z,*) — > G. 
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If we choose a system of loops around punctures (disjoint except at their source *) 
this induces a set of generators 71, • ■ ■ , 7« for tti(D 2 \z,*) satisfying Ji ■ ■ .J n = 79, 
where 79 is the class of a loop around 3D 2 ; in this way, the Hom(7Ti(D 2 \ z, *), G) 
can be identified with the set G xn of n-tuples of elements of G. This identification 
is not canonical, for it depends on the choice of an arc system as mentioned. 

The fundamental group 7ri(Conf n ) is isomorphic to the Artin braid group Br„, 
and the action of 7r 1 (Conf„) on the fiber can be described quite explicitly by "braid- 
ing:" the standard generator Ui for the braid group (which pulls strand i past strand 
i + 1) acts on G xra through the formula 

(5-4.1) u l ■ (gi,...g n ) = (ffi, ■ ■ ■ , ft-i, gigi+iQi 1 , 9%, ■ ■ ■ , 9n) 

The subspace CHui"G,n c Hur Grl can then corresponds to the subset of (g\, . . . , g n ) € 
G n which generate G, whereas the subspace Hur G n c Hur G ,n corresponds to those 
n-tuples where each gi belongs to c. 

In particular, we have an identification 

7r Hur G , n G"/Br n 

between the component set of Hur G: „, and the orbits of Br„ on n-tuples. Even 
better: if -EBr„ is a contractible space on which Br„ acts freely, Hur Gn is homotopy 
equivalent to G n x i?Br„/Br„. Similarly, 

(5.4.2) 7r Hur^„ 4 c"/Br„. 

5.5. Monoidal structure and central stabilizer. The Hurwitz spaces admit a 
natural monoidal structure, i.e. there is a multiplication map (well defined up to 
homotopy): 

Hur G,n X HuI G,m ~> Hur G,n+m 

If we identify Hur^ n with the (homotopy-theoretic) quotient of c™ by the braid 
group Br„, in the sense discussed after ( |5.4.1 ), then this multiplication is induced 



by the maps c" x c' m — > c n + m an d Br„ x Br m <-t Br n+m . 

In particular, % := ]J 7r HurQ n has the structure of a monoid; we can identify 
it with 

n 

where the multiplication on the right-hand side is by concatenation. 

Moreover, any U € % induces a homotopy class of maps: U : Hurc,,! — > 
Hur<3 jTl+£ i, where d is such that U G 7ToHurG,d- In fact, U corresponds to a compo- 
nent of Hur<3 jm for some m € Z c / G with \m\ = n; we write deg([/) = m, so U in 
fact induces 

(5.5.1) U : Hur Gi fc -> Hur G; fc +dege /. 

Again, only the homotopy class of this map is well-defined. 

For gGc, let [g] be the associated element of H (thus living in 7ToHur G x ). Set 

V ■= Y[[g} old{9) e H, 

gEc 

where ord(g) denotes the order of g € G. Then V is central (and is in fact inde- 
pendent of the ordering of c chosen), and for any g G c, 

(5.5.2) For any gee there are A, A' € H with [g]A = V = A'[g}. 
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As we will see, V is indeed a central stabilizer for 7roHurc n in the sense of Definition 



5.5.1. Remark. The monoid % is equipped with a natural map % — > G, given by 
multiplication. It is easy to see that the kernel of this map lies in the center of H. 
Let "HIV -1 ] be the monoid obtained by adjoining a formal inverse of V. Then 



(5.5.2 1 shows that %\V ] is a group: it is generated by the images of [g], for g £ c, 



but these are all invertible by (5.5.2 1. 

In this way we obtain a central extension 

U[V- 1 ] -» G 

equipped with an extra structure, namely, for every i£cwe are given a certain 
canonical element in its preimage, namely, the image of [x\. We will later on show 
that -» G is universal among central extensions with this extra structure. 



(5.5.3) V{a) = Y[g- 



More generally, for any a : c/G — > N, we may define 

1 a(g)ord(g). 
gee 

then V(a) has the same properties. The set of all such V(a) form a monoid in the 
center of H; we denote it by V, and will use it later. 

Note that, if M is a module under V (i.e., a module under the monoid algebra 
ZV) then inverting V and inverting V have the same effect. They can both be 
described as the operation of tensoring over ZV with the group algebra of the 
group completion of V. 

5.6. A review of A(G,c) and A'(G,c). Let us recall the definition of the spaces 
A(G,c) and A'(G,c) from the introduction in the present context: 

There is a natural map from the free loop space LBG = Map(S l1 , BG) to the set 
of conjugacy classes in G: to each loop we associate its monodromy. This in fact 
identifies the connected components of LBG with the set of conjugacy classes in 
G. Let L C BG denote the union of those components indexed by conjugacy classes 
in c. 

The space A(G, c) is obtained by adjoining to BG a disc with boundary 7 for 
every 7 £ L C BG; that is to say, the following is a pushout diagram: 



(5.6.1) S 1 x L°BG — =h> D 2 x L C BG 

ev 

BG ^A(G,c) 

Now A{G, c) is equipped with a natural map 

(5.6.2) p: A(G,c)-> \f (S 2 ), 

c/G 

which collapses BG to a point, and projects each component of D 2 x L C BG to 
S 2 = D 2 /d. Since G is finite, BG and each component of L C BG have the rational 
homology of a point. Thus p* is an isomorphism in rational homology. 

Finally, recall that A'(G,c) is, by definition, the homotopy fiber of the map 
A(G,c) -> BG. 
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5.7. There is a natural map: 

(5.7.1) Rut c g n — > Map ((D 2 ,dD 2 ), (A(G, c),BG)) . 

Indeed, any branched G-cover of the disc - branched, say, at P%, . . . ,P n e D 2 - 
yields a map from D 2 — {Pi . . . , P n } to BG. Let r be one-half of the minimal 
distance between any two Pi, or between any Pi and dD 2 . Then a circular loop of 
radius r/2 around each Pi defines an element of L C BG, which can be canonically 
filled in A(G,c). 



In terms of the homotopy fiber A'(G, c) of BG — > A(G, c), we may rewrite ( 5.7.1 ) 
as a natural map (in the homotopy category) 

(5.7.2) Hur^ n —>SlA'(G,c). 



The map (5.7.1 1 interacts well with p: we have a natural diagram that commutes 



up to homotopy: 

(5.7.3) Hur^„ > Conf£ 



Map ((D 2 , dD 2 ), (A(G, c),BG)) Q 2 V c/G S 2 

where the bottom horizontal arrow is induced by p, and the right vertical arrow is 
the "approximation map." 

5.8. A review of the prior theorems. In the notation of the previous part, there 
is by definition an evident homotopy equivalence: 

Hur Gi „ ^ CMa P ;(D 2 ,PG). 

(Recall that the latter space is, by definition, a configuration of n points in D 2 , 
together with a map from their complement to BG). This family admits a central 



stabilizer (in the sense of Definition 2.9 with X — BG), by the construction of V in 
{ 5.5 Indeed, one only needs to verify that the monoidal structure on the left-hand 
side defined in §5.5| coincides with the monoidal structure on the right-hand side 
constructed in Part 1. 



Then we have proved that the map (5.7.2) induces, first of all, a homotopy 
equivalence 

(5.8.1) QtfQjrlur^) -Z+OA'(G,c), 

and (by a variation on the group-completion theorem) we have an isomorphism 

(5.8.2) (0 Mur^ n ) [V- 1 ] ^> H*QA'(G, c). 

Note the implication for Ho: there is an isomorphism of groups H[V^ _1 ] ^> 
mA'(G,c). 

5.8.1. Theorem. Fix j > 0. Let Y be an irreducible component of Hur Gm . For 
any sufficiently large multidegree m - that is to say, every coordinate of m is suf- 
ficiently large - the map from Hur G rn to the colored configuration space of m 
points in D 2 induces a map on Hj that factors through the image of Hj(Y,Q) in 
® Hj(H.wcQ n , Q)[y -1 ]; and the factored map is an isomorphism: 

(5.8.3) ( image of Hj (Y, Q) m Hj{Eha D G , n , QW' 1 } ) ^> ^(Conf^, Q) 
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where Y is any component of Hur£j m . 

If we have a homological stability theorem available, the statement simplifies: 

5.8.2. Corollary. Fix j > 0. Suppose that V induces an isomorphism 

^(CHur^Q) 4 ^(CHu4 + ^ (y) ,Q) 

whenever mindcg(m) > Q. Then, for any component Y of CUvltq m , the induced 
map 

Hj{Y, Q) -> fl^Conf^, Q) 
is an isomorphism whenever mindeg(m) > Q. 

The corollary follows immediately from the theorem - rioting that V maps 



Hj(RuT c G m ) to /^(CHur^^g/yN), the left-hand side of (5.8.3) can be replaced 
by (e^CHur^.Q))^-"^ 

Proof, (of Theorem 1 5. 8. lj ) Visibly, A(G : c) is connected. 

By the theorem of Seifert and van Kampen, the fundamental group of A(G, c) 
is isomorphic to the quotient of G by the subgroup generated by c. But we are 
supposing that c generates G, so that A(G, c) is simply connected. 

We shall use the following 

(*) If / : X — > Y is a continuous map of connected, simply con- 
nected spaces, then it induces isomorphisms on rational homology 
if and only if it induces isomorphisms on rational homotopy. In that 
case, / induces a rational homology isomorphism of loop spaces. 

The first statement is due to Serre |Ser53| and the second follows from the Eilenberg- 
Moore spectral sequence Tor ff »(x l q)(Q, Q) =>■ H*(QX, Q) which converges un- 
der the connectivity hypothesis. 

Then A(G, c) — > V c /g ^ ^ s a rational homology isomorphism between simply 
connected spaces, and so by (*) also a rational homotopy equivalence. Consider 
the induced map 

o4(g,c) — -> n(Y S 2 ). 

c/G 

These spaces are connected. Moreover this map induces an isomorphism on rational 
homotopy iTj ® Q, for j > 2. Pass to their universal covers, which we denote by a 
superscript ~: 

nA(G,c) — -> n{\J s 2 ). 

c/G 

This is a map of connected, simply connected spaces, and is still an isomorphism 
on TTj ® Q for j > 2. What this means is that the induced map between identity 
components 

n 2 A(G,c) -^n 2 (\/ 5 2 ) 

c/G 

induces a rational homology isomorphism (using (*) above). It follows (because 
both sides have compatible H-group structures) that the induced map from any 
component of £l 2 A(G, c), to the image component in ^ 2 (V C /G ^ 2 )o) is a ls° a rational 
homology isomorphism. 
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We deduce from this that the map 
(5.8.4) Map((D 2 ,dD 2 ),(A(G,c) 



BG)) 



9: 



\/ S 2 

c/G 



(here obtained by collapsing both 3D 2 and BG to a point) is also a rational homo- 
topy equivalence between any component of the source and its image component. 
In fact, the left-hand side is identified with £lA'(G,c), and it's enough to check 
this, again, for the identity component of both sides. But the identity component 
of flA'(G, c) coincides with that of fl 2 A(G, c): the fibration sequence A'(G,c) — » 
BG — > A(G,c) induces a fibration sequence £l 2 A(G,c) — > ftA'(G,c) — > G. 

Choose now a component Y of Hurg m and put n — \m\. In the diagram that 
follows, a subscript [Y] denotes "the component corresponding to Y." For instance, 



Conf" 



(5.8.5) 



[Y] 



has the following meaning: the image component of Y in Conf^j 



Y 



(U„Co<) [r] 



(QSU„Hur c G , n ) 



[Y] 



(nsijcoo 



[Y] 



Map ((D 2 ,dD 2 ), (A(G, c),BG)) 



[Y] 



Here, B refers to the classifying space, for the monoidal structure noted in {5.5 



Now we apply H p {— , Q) to this diagram. For typographical reasons, we omit 
the Q and put the [Y] subscript outside H p (. . .), although the meaning is in the 
same as the previous diagram. 



(5.8.6) H P (Y) i H p (]J n Conf*) [r] 

k J 

H P (^U„Hur^„) [y] -^H p (nB]JCon^) [Y] 

T Y 

H p Map ((D 2 , 3D 2 ), (A(G, c),BG)) [y] H p n 2 {\J c/G S 2 ) [Y] . 

Note that the bottom lower maps are isomorphisms by virtue of our Theorems 
from Part 1. 

We need only verify that the map j is injective and the map k is surjective., at 
least when the multidegree m of the original component is large enough. Once it is 
so, the map / automatically factors through (H^VLB ]J Hur^ n ) „ , and moreover 
that factored map is an isomorphism. 

We prove the injectivity of j using a "colored" version of the argument at the 
end of p. 103 in [McD75j . For each g £ c/G, there is a stabilization map <r£ : 
Conf^^ — > Conf^j which adds a point near the boundary of D 2 and colors it g. 
The injectivity of j follows if each induces an injection in homology. 
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Write SP n (X) for the n th symmetric product of X, and recall the Dold-Thom 
theorem that tt* (SP°° (X)) = H* (X). There are maps P fc ,„ : Conf^ -> SpGD Conf^ 
which carry a colored configuration to the (?) -tuple of colored subsets of size k. 
Define maps Tk, n '■ i?*(Conf°) — > iJ*(Conf|) in homotopy by the composite 



SP°° {Cord c n ) — ^U- SP°°{SPW Conf£) — SP°°(Coirf£) 

It is easy to verify that Tk. n ° = Tfc in _i modim(cr|)*, so by Lemma 2 of 

|Dol62j . each (erS)* is a split injection. 

We are left to check the surjectivity of k. Consider the map 

(5.8.7) []Hur c G! „^r!i?[]Hur^„ 

Let A be the set of connected components of the right-hand side. Being the set of 
components of a loop space, it has the natural structure of group; moreover, it is 
equipped with a homomorphism ip : A — > Z c / G that sends the image of Hur G m to 
to. Note that there also a unique homomorphism ip : V — > A with the property 
that V € V sends component Y a to component Y a+ip (yy, we are using the notation 



introduced around (5.5.31 



For aei, let X a (resp. Y a ) be the corresponding connected component of the 



right-hand side of (5.8.7) (resp. preimage of X a on the left-hand side of (5.8.7)). 

Let R be the rational monoid ring of the monoid V and S the rational group 
ring of its group-completion V gp . 

As we have shown, the induced map on H p gives an isomorphism: 

(5.8.8) (H p ]]_Rm c Gtn ) [V" 1 ] = H p (Y a ) ® R S ^> H p M3 JJHut^ 

a 

Note that, in this isomorphism, all objects are Z c / G -graded, i.e. admit a direct 
sum decomposition M = © teZ c/G M t compatible with their group or ring struc- 
tures: the rings S, R are graded by means of the map ip, whereas we grade the 
Hurwitz space by m and the homology of flB ... by means of its connected com- 
ponents and the map ip. Also observe that, with this grading, any element of S 
which is supported on sufficiently large elements of Z c / G in fact belongs to R. 



The left hand side of (5.8.8) is finitely generated as S-module: There exists 
collection of h a £ H p (Y a ) such that the h a generate as S- module. The statement 
reduces, using (5.8.4), to the statement that H p (Q 2 V c /g ^ s finitely generated as 
5-module. But the action of V gp on H p (n 2 V c /g factors through V gp — > Z c / G = 
7To(r2 2 Vc/g ^ 2 )' snlce the image of V gp has finite index there, our statement reduces 
to the following: 

For D the double-loop space of a wedge of k distinct 2-spheres, 
H p (D,Cl) is finitely generated as a Q[tto(-D)] -module, where the 
action is through the group structure on D. 

This follows from the Hilton-Milnor theorem |Hil55j : in this instance, it gives a 

homotopy equivalence between D and the product 

n r! 2 s |b|+i 

beB 

where B is a monomial basis of a free Lie algebra on k generators, and |6| is the 
length of the monomial. Each of the terms in this product has rational homology 
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in at most two nonzero degrees, and these grow linearly with |6|: |b| — 1 and if |6| 
is odd, also 2\b\ — 1. Further, the number of monomials of a given length is finite, 
and so the homology of a single component is finitely generated in each degree. 



Now take x £ H p {Xp). It is the image, under the morphism of (5.8.8), of some 
x = X^ae-E s ah a on the left-hand side. Let s' a be the projection of s a onto the 
ip(f3 — a) € Z c / G component of the Z c / G -graded ring S. Then x is in fact the image 
of 

x ^ ^ s a h a . 

qS-E 

It remains to observe that, if is sufficiently large, then s a automatically 

belongs to R, and so x' actually belongs to (J) H p (Yg> ) , where the sum is taken over 
those fj' with tp(/3') = ip((3)- Now replace x' by its projection to H p (Yp); its image 
is x & Hp(Xp), just as desired. □ 

6. A SKETCH OF A SIMPLE CASE OF COHEN-LENSTRA 

We begin by explaining how the results of the previous section can be used to 
prove results towards the Cohen-Lenstra conjectures over F q (t), even without the 
detailed analysis of connected components that occupies <|7]and Sj8| In particular, we 
compute the average size of the €-part of the class number of a quadratic extension 
of a rational function field over a finite field, in the simple case when I does not 



divide q — 1. What we show is only a special case of our later Theorem 11.1.1 we 
are sketching this case separately in order to express the main idea of the proof 
before taking on the somewhat heavy notational load required to state the theorem 
precisely in the general case. 

Of course, in order to be complete this argument requires that we have in hand 



the definition of the Hurwitz scheme, which will appear below in ^ 8.6 For now, 
the reader may take for granted (or recall from jEVW09j ) that the number of 
points over F g of the Hurwitz scheme CHur appearing in Proposition 6.0.3 are in 
bijection with nontrivial f -torsion points on hyperelliptic curves over F„, and that 
the complex points of CHur are homotopic to the space CHur appearing in the first 
part of the paper. 

6.0.3. Proposition. There is a function Q(£) > with the following property. Let 
£ be an odd prime and F q a finite field of odd order q > Q(£), such that £ does not 
divide q(q — 1). 

Let C(d) be the number of squarefree monic polynomials f(t) in F q [t] of degree 
2d + 1. and let N(d) be the sum, over all such f , of h — 1, where h is the number 
of £-torsion elements in the class group ofF q (t,yf~f). 

Then 

N(d) 
lim — >-f = 1. 



d->oo C(d) 



We note that this prediction conforms with the Cohen-Lenstra heuristics for 
quadratic imaginary number fields. We proved in [EVW09 I Th 8.7] that |-^py — 1| 
was bounded above and below by constants as d — J- oo; the topological results of the 
first half of this paper are what allow us to go further and show that this quantity 
decays to as d grows. 
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Proof. (Sketch) 

The number N(d) can be interpreted as the number of F g -rational points on 
the Hurwitz scheme CHur^. 2 d+ii where G is the dihedral group of order 21, and c 
is the conjugacy class of involutions. The argument of [EVW091 Proposition 7.5] 
shows that the etale cohomology of CHurg 2d+1 is "identical" in characteristic p 
and characteristic (see loc. cit. for the precise statement.) 

The scheme CHur is a scheme over Z[^]; we denote by CHurc its base-change 
to C, and so on. 

It is known that (CHurc, 2d+i) c is connected, as follows from results of Yu, 
Achter-Pries, and Hall (see the discussion in the proof of [EVW09, Thm 8.7]). 



It follows from the |EVW09l Theorem 6.1] that the condition of Corollary |5.8.2 



holds. Thus, the projection on H\ t induced by projection of (CHur^ 2d+1 ) c to 
(Conf 2c ;+i) c is an isomorphism once d exceeds some linear function of i. By the 
comparison between characteristic p and characteristic 0, the same statement holds 
for (CHur G! 2d+i)F^ and (Conf 2(i+ i)p^. 

It is thus natural to expect from the Lefschetz trace formula that the two va- 
rieties should asymptotically have the same number of F 9 -rational points, as the 
proposition asserts, and this is indeed the case. To prove this fact requires an a 
priori bound on the contribution of cohomology outside the stable range; the argu- 
ment is exactly as in the proof of |K\ \Vl)9[ Thm 8.7]. (It is this a priori bound that 
necessitates the hypothesis that q > Q(£).) In the earlier paper, the contribution 
to -j^gy of the Hi for i > was merely shown to remain bounded as d — > oo; the 
results of the first half of this paper demonstrate that the limit is in fact 0. □ 

The argument of Proposition |6.0.3| shows that, when we are in a situation where 
we can prove a stability theorem as required in Corollary |5.8.2 the problem of 



proving counting theorems in the vein of 6.0.3 comes down to an analysis of the 
F g -rational connected components of a Hurwitz scheme. In the context of Proposi- 
tion |6.0.3} the Hurwitz space was connected, so this problem presented no difficulty 
In general, though, we need to describe the Galois action on the geometric com- 
ponents of CHurG^, which is not accessible by purely topological means. The 
remainder of this section is devoted to producing such a description. 

6.1. Cohen-Lenstra for cubic fields. As an example of the generality of the 



method, we remark that the argument of Proposition 6.0.3 can also be used to 
show that Cohen-Lenstra heuristics (in this context more properly called Cohen- 
Lenstra-Martinet heuristics) hold for cubic extensions of F q (t): 

In this case, one takes G to be a semidirect product x S3, where i is a prime 
greater than 3, and Vg is the 2-dimensional reduced permutation representation of 
53. The group G has a unique conjugacy class of involutions, which we denote 
c. The corresponding Hurwitz space CHur^ 2 d+i i s connected - this follows for 
instance from the substantially more general results of Allcock and Hall [AH10, 
Theorem 3] concerning this space. Since G is in the class of groups to which 
EVW09, Proposition 7.5] applies, one once again finds that 

|CHur^ 2d+1 (F g )| s 
|Conf 2d+1 (F 9 )| 

as d — > 00, for all q sufficiently large relative to I. 
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It follows from Proposition |6.0.3| and the usual identification of cubic extensions 
with 3-torsion in class groups of quadratic extensions that the number of cubic ex- 
tensions of F q (t) with discriminant / also averages to 1, as / ranges over squarefree 
polynomials of odd degree. Putting these together, one can show that if L/F q (t) 
is a cubic extension, chosen randomly from those with squarefree discriminant in- 
cluding oo, the number of nontrivial F g -rational ^-torsion points on the Jacobian 
of the curve C/F q with function field L is on average 1. 

7. Stable components of Hurwitz spaces 

In this section we identify the stable ttq of Hurwitz spaces by combinatorial group 
theory. The results of the present section were known to M. Fried (unpublished), 
and the special case where the union of conjugacy classes c consists of all nonidcntity 



elements was treated in |FV91j . The proof we present of Theorem 7.6.1 is based 
on ideas of Conway-Parker, as presented in the paper of Fried and Volklein. (The 
paper |Kulllj also contains arguments in a related vein.) 

We note that the methods of the first part of this paper give another proof, 
which we do not explicate in full. 

7.1. Suppose that / : G — > G is a central extension, endowed with a bijective lift 
of c to G: that is to say, a conjugacy-equivariant section cc i — >• a; from c to G such 
that f(x) = x for all x G c. 
Then the function 

(7.1.1) (7i,---,7«)ec x "^n^ e(5 



is constant on orbits of the braid group, where the action is as in ( 5.4.1 ). The value 

lies in ker(/) if Yili = 1- I R this way we obtain an invariant of covers of P , first 
described by M. Fried, which we will describe as a "lifting invariant." For example 
( Scr90|) the space of connected degree n covers of P 1 such that every monodromy 
element is a 3-cycle is usually disconnected, owing to the existence of the double 
cover of A n to which the conjugacy class of 3-cycles lifts bijectively. 

In order to get the most mileage out of this construction, we apply it to the 
universal central extension of G to which c lifts bijectively. In this section we 



shall show that such a universal extension exists (see Theorem 7.5.1 for the precise 
formulation); this contrasts with the fact that, in general, a group does not a have a 
universal central extension. The lifting invariant corresponding to such a universal 
central extension, which we will call the "universal lifting invariant," separates 
components of the Hurwitz space when the number of branch points is large (see 



Theorem 7.6.1 1 



7.2. Schur coverings. Let G be any group and c C G a union of conjugacy classes. 
Take a central extension 

(*) A — >G^G 

of G by a finite abelian group A. It is classified by an element of H 2 (G, A); that 
group fits into a short exact sequence 

(7.2.1) ^(^(G.ZJ.A) — -^H 2 {G,A) Hom(iJ 2 (G, Z), A). 

A Schur cover is, by definition, an extension of G by A so that the image of the 
extension class under n above is an isomorphism H 2 (G,Z) — > A. (We will prove 
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below that this is equivalent to the definition of "Schur covering" that is usually 
given in finite group theory.) If G is perfect, i.e. G ab = H\(G, Z) is trivial, then 
this is a universal central extension, that is to say, maps uniquely to any other 
central extension. In general, a Schur cover is not unique; for example, the dihedral 
group and quaternion group both admit the structure of Schur covers of (Z/2Z) 2 . 
On the other hand, one has at least: 

Lemma. Suppose G ab is free abelian. Then a Schur cover IC — > G — > G maps ( not 
necessarily uniquely) to any other central extension B — > G' — > G. 

Proof. We must show that the pullback of the second sequence to G splits, i.e. 
there is a section of G' x q G — > G; equivalently, the class of the extension G' — s- G 
in H 2 (G, B) maps to zero in H 2 (G, B). 

The latter map fits into the inflation-restriction exact sequence: 

(7.2.2) H l {G, B) -> H l {G, B) — * Hom(/C, B) G -4 H 2 (G, B) — > H 2 (G, B) 

We claim that the induced morphism H 2 (G,B) —> H 2 (G,B) is zero; in fact, we 
will show that the map i is an isomorphism. Note that, because G acts trivially on 
B and IC, every element of Hom(/C, B) is automatically G-invariant. 
Consider the composite 

(7.2.3) Hom(/C,B) - ^H 2 {G,B) 



Rom(H 2 (G,Z),B) 



where the second morphism ttb is from the universal coefficient sequence (7.2.11, 
and is an isomorphism because G ab is free. The composite map coincides with 
the rnapj^] induced from H 2 (G,Z) IC. Because G is supposed a Schur cover, 
i?2(G, Z) — > IC is an isomorphism. So l is also an isomorphism. □ 

Let us note, for later use, that the inflation-restriction sequence also implies that 
the induced map H 1 (G, B) — > -ff 1 (G, B) is an isomorphism. Since B was arbitrary, 
this can be rephrased: the induced map 

(7.2.4) G ab -» G ab 

is an isomorphism. In the terminology of group theory, G — > G is a stem extension. 

We now prove that our notion of "Schur cover" agrees with the usual definition 
in finite group theory: 

Lemma. Suppose that G is finite and that IC — > G — > G is a stem extension with 
|/C| maximal amongst such extensions. Then this is a Schur cover (in the sense 



discussed after ( 7.2.1 )) 



Proof. The inflation-restriction sequence (7.2.2) with B = Q/Z simplifies to: 



Hom(/C, Q/Z) 4 H 2 (G, Q/Z) 4 H 2 (G, Q/Z). 

This shows that \IC\ < \H 2 (G, Q/Z)| = \H2(G, Z)|; since we have seen there is a 
stem extension of this size, we must have \IC\ — \H2(G, Z)| and the map j is an 



■^Starting with / S Hom(/C, B), one pushes out G — > G via / to obtain a central extension by 
B, and then takes its image under the universal coefficient sequence. This is (by naturality) the 
same as the image under / of the class Hom(//2(G, Z),K) associated to G — > G. 
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isomorphism; this map is dual to the natural map H 2 {G,Z) — > /C, which must 
therefore be an isomorphism. □ 

Fix an extension (*); we now analyze when c lifts bijectively to G. 

Take two commuting elements x,y £ G. Then, if x, y are arbitrary lifts of x, y 
to G, the commutator [x,y] lies in A and is independent of the choice of x,y. We 
denote it by {x,y)Q for short. 

Thus x, y i y (x, d)q defines a function from commuting pairs in G to A. Then c 
lifts bijectively to G if and only if {x,y)Q = \&a whenever x £ c and y commutes 
with c. (When we write the symbol (x, y)gf, we always suppose that x, y commute.) 

There is a universal way to understand this "commutator" pairing: Take com- 
muting elements x, y £ G. Define the "universal commutator" 

(7.2.5) (x,y) e H 2 (G,Z) 

as the image of the canonical generator for H 2 {Z 2 , Z), under the map cj>* induced 
by <j) : 7? — > G, (f> : (m,n) H> x m y n . With this understanding (x, is the image 
of (x, y) £ H 2 (G, Z) under the morphism 

H 2 {G, Z) — > A, 

induced by the extension class of (*). 

We conclude that, given a central extension (*) with extension class a £ H 2 (G, A), 
a necessary and sufficient condition for c to lift to G is that the image of class a 



in Hom(H 2 (G, Z), A), under the universal coefficients map (7.2.11, vanishes on all 
commutators (x, y) with x £ c; equivalently, the morphism 

H 2 (G, Z) — > A 



associated to (*) via the universal coefficients sequence (7.2.1) factors through the 
quotient of i?2(G, Z) generated by all such commutators. This quotient will play a 
fundamental role: 

7.3. Definition. [Reduced Schur multiplier; reduced Schur cover.] Set H2(G,c;Z) 
to be the quotient of H 2 {G,Z) by the subgroup Q c C H 2 {G 1 z) generated by all 



universal commutators (x,y) (see (7.2.5)), where x, y commute and x £ c. 

By a reduced Schur cover G c — > G we mean: the quotient of a Schur cover 
H 2 {G, Z) — > G — > G by all commutators [x, y] £ H 2 (G, Z) where x, y commute and 
x £ c. The kernel of a reduced Schur cover is isomorphic to H 2 (G, c; Z) . However 
(like a Schur cover) it need not be unique. 

Note that, if / : G c — > G is a reduced Schur cover, then the image of H 2 (G C , Z) 



inside H 2 (G, Z) equals Q c . Indeed, by the homology version of (7.2.2), this image 
is the kernel of a connecting map 

ff 2 (G,Z)^ker(/) 

which is none other than the map associated to / by the universal coefficients 



sequence (7.2.1 ) 



7.4. Marked central extensions. A c-marked extension of (G, c) is a triple (G, f, c) 
where / : G — > G is a extension and c C G is a conjugacy-invariant set (i.e., a union 
of conjugacy classes for G) such that / : c — > c is a bijection. (We sometimes refer 
to giving c as giving a marking of the central extension (G, /).) We will be only 
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concerned with c-marked central extension: that is, such a triple where ker(/) is 
central. 

We will often say simply "marked central extension" when the class c is under- 
stood. 

If A is a group, a marked central ^4-extension of G is a marked central extension 
(G, /, c) together with an isomorphism ker f = A. 

By a homomorphism of marked central extensions (G, /, c) — > (G', /', c') we shall 
mean a group homomorphism <j) ■ G — > G' covering the identity map on G, carrying 
c to c', and such that f o <fi = <fc o f. 

Observe that if </>, <jJ are two such morphisms, then in fact 

(7.4.1) (f> and agree on the subgroup generated by c. 

By universal marked central extension we mean (G, /, c) with the property that 
it admits a unique homomorphism to any central marked extension (G',/',c'). 

Clearly, universal marked central extensions are unique up to unique isomor- 
phism, if they exist. 

7.5. Existence of universal marked central extensions. It is not hard to see 
that such universal central marked extensions exist: 

Consider the group T with one generator for each element of c - call these 
\s]>9 G c ~ an( i subject to the relation 

(7.5.1) [ilii]" 1 ^^" 1 ]. 

The map [g] <-> g extends to a homomorphism T G and clearly the £ c give 
a lifting of c. Now the kernel of T — > G is central in T: for every choice of g L G c, 
y G c, and Bj 6 Z, 

In particular, if g^ 1 . . . gl k = idc, then [y] and [gi] ai [<?2] a2 ■ ■ • [<?fc] afc commute. The 



extension r — > G is universal, because the relation (7.5.1) is satisfied by any lifting 
of c in any marked central extension. 

There is a natural variation of the prior discussion: Recall that we have defined 
a monoid H and a central V G % in §5.5[ the monoid % is equipped with a monoid 
morphism T~L — » G and an element [x] G "H lifting any i £ c C G. Then "HIV -1 ] is 
a group and "H[V^ _1 ] G is a universal marked central extension with respect to 
the marking [x],x G c. 



Here is the proof. We already saw (Remark 5.5.1 1 that H[V : ] is a group. There 
are unique morphisms 

commuting with the projections to G and characterized by the fact they preserve 
the liftings of c to HlV^ 1 } and T: Indeed, one justs checks that the defining relations 
for T (resp. the braid equivalences defining H) are satisfied in "HIV -1 ]) (resp. in 
r). Thus f,g are inverses, for the lifts of c generate both T and "HIV -1 ]. 

Theorem |7. 5. l| gives two more constructions of a universal marked central exten- 



7.5.1. Theorem. Let G be a finite group and c a generating conjugacy-invariant 
set. Then (G, c) admits a universal marked central extension. Its kernel - to be 
denoted by H' 2 (G,c;7i) - is non-canonically isomorphic to H 2 (G,c;Z) x Z c / G . 
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Indeed, any of the following extensions admits (not uniquely) the structure of 
universal marked central extension: 

(i) The group with presentation ([g] : g £ c | [x] [y] [x] ~ 1 = [xyx^ 1 ]), where the 
morphism to G sends [g] to g. 



(i)' The morphism H[V ] — > G, notation of \ 5.5 



(ii) The map iriA'(G,c) — > G induced on fundamental groups by A'(G,c) — > 
BG; 

(iii) (if G is finite): The man 4 ] Z c / G x G ab G c — ¥ G, where G c -^ G is a reduced 



Schur cover and the morphism Z c / G — » G ab is as in (5.1.11. 



We have already proved (i) and (i)'. (ii) follows from (i)' and (5.8.2), we note it 
only to make contact between this part and the results of Part 1. The part of this 
Theorem that is most useful for "practical computation" will be (iii). Indeed, in 
what follows, we denote by G the group defined there: 

G = Z c/G x Gab G c 
Proof. Fix a lift x i— > x of c to G c , and put 

c = {(e x ,x) : x £ c}, 
so that c is a conjugacy-invariant subset of G lifting c. 
7.5.2. Lemma. The morphism Z c / G — > G ab is an isomorphism. 

Proof. The induced maps c/G —¥ c/G and G ab — > G ab are both isomorphisms. 

We are reduced to verifying that, for any finite group F and any conjugacy- 
invariant subset c C F, the abelianization of 

Z C / F X F ab F 

is free on generators (e x ,x), where we choose one representative x from each con- 
jugacy class in c. We leave this to the reader. □ 

We may now complete the proof of part (iii): 

Suppose that A — > G' G is a central extension to which c lifts bijectively, and 
let a £ H 2 (G,A) be its extension class. 

We claim, first of all, that the pullback of a to H 2 (G, A) is zero. 

The image of a in Hom(i7 2 (G, Z),A) factors through H 2 (G, c; A). Consider the 
commutative diagram 

H 2 (G,A) ► Hom(ff 2 (G,Z),A) 



H 2 (G,A) — Hom(ff 2 (G,Z),A) 
The bottom row is an isomorphism by virtue of the Lemma that we have just proven 



and (7.2.1). Our claim follows from the fact that the composite 
H 2 (G, Z) ->■ H 2 (G, Z) -► H 2 (G, c; Z) 



4 If Xi,X2 are groups equipped with homomorphisms if>j : Xi — > Y, then the fiber product 
group X± Xy X2 is, by definition, the subgroup of Xi X Xi consisting of pairs (2:1, £2) with 
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is zero. In fact, that map G — > G factors through G c , and the composite 
H 2 (G C , Z) -> ff 2 (G, Z) -> iJ 2 (G, c; Z) 



is zero (see remark after Definition 7.3) 



We have shown, therefore, that the pullback of a to G is zero; equivalently, 
there is a morphism of extensions cj) : G —¥ G' from G — > G to G" — > G. This 
homomorphism is not unique; however, it is unique up to addition of homomor- 
phisms in Hom(G,A). The Lemma now implies that the latter group is identified 
(by restriction) with functions c/G —¥ A; thus there exists a homomorphism which 
is compatible with the markings, and that this homomorphism is unique. □ 

7.6. Summary. Let us summarize where we are: To a marked central extension 

(/ : G — > G, c) of a pair (G, c) we associate the lifting invariant; it is a braid- 
invariant function on n-tuples from c, taking values in G. In other terms (see the 



discussion of (5.4.2)) it is a function 

7r Hurg „ — > G 

On the other hand, there exists a universal c-marked central extension, which 



we have denoted as H^G, c; Z) — > G — > G (see Theorem 7.5.1 1 and we refer to the 
corresponding lifting invariant as the universal lifting invariant. 

Recall that the natural marking on the extension G x Z c / G — > G (namely, c = 
{(x, e x ) '■ x € c}) gives rise to a morphism G-)Gx Z c / G , and, by projection, to a 
homomorphism induces a morphism 

(7.6.1) G^Z c/G . 

7.6.1. Theorem. The universal lifting invariant induces, for any sufficiently large 
multidegree m € Z c / G , a bijection 



(7.6.2) 7ro(CHur£j m ) — > preimage of m in G under (7.6.1) 



Explicitly, fix a reduced Schur cover ^(G, c; Z) — > G c — > G. T7ie lifting invariant 
associated to this central extension gives a function 

7ro(CHur^ ffi ) G c 

and in any sufficiently large degree m this map is a bijection. 

"Sufficiently large" means here, as always, that m contains sufficiently many 
representatives of each conjugacy class making up c, i.e. mindeg(m) > A for some 
sufficiently large A. 



7.6.2. Remark. Theorem 7.6.1 can be seen as a generalization of the result of Fried 



and Volklein, which is the special case where c = G — id and i?2(G, c; Z) is trivial. 
In fact, Theorem 1 7 . 6 . 1 1 has been proved in unpublished work by Fried. 

Proof. We have already proved that 

(7.6.3) ^©ToHur^j [F" 1 ] ^ G. 

has the structure of universal marked central extension. In this identification, the 



map (7.6.1 ) sends every element of 7roHurg m to m. 
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Note that the image of ttqHutq^ under V lies in 7ToCHurg im +dcg(v)> an< ^ the 



bijection (7.6.2) follows from (7.6.3) and: 

Claim: For any sufficiently large m, the map V induces an isomor- 
phism TroCHur^ -> 7r CHur^ m+ ^g (v) ; 

Proof of claim - By an elementary argument, there exists A with the following 
property: For any y £ c and any m with mindeg(m) > A, any (<?i, • ■ • , <7 n ) € 
c n which generates G and has multidiscriminant m is equivalent, under Br„, to 
(y,g' 2 , ■ ■ ■ , g' n ) for some g\ € c. In other words, the map "left multiplication by [y]" 
yields a surjection 

ttoCCHut^jJ -> 7r (CHur^ !ffi+ej( ) 

whenever mindeg(m) > A This must therefore also be a bijection for mindeg(rri) > 
A', for suitable A' . That implies the claim. 

We have now proven the first assertion of the Theorem. The second assertion 
of the theorem - "Explicitly..." - follows easily from the explicit construction of a 



universal marked central extension given in Theorem 7.5.1 part (iii). 

□ 

8. The Galois action on stable components of Hurwitz schemes 

So far, we have concentrated on Hurwitz spaces, which parametrize topological 
branched coverings of a disc. In fact, the Hurwitz space can be interpreted as 
the space of complex points of a Hurwitz scheme, which parametrizes branched 
coverings of the affine line over a general base scheme. Our goal in the present 



section is to upgrade Theorem 7.6.1 which describes the connected components of 
Hurwitz spaces in the "many branchpoint limit," to a description of the connected 
components of the Hurwitz scheme. In this setting, the connected components carry 
a Galois action, the explicit description of which is the main goal of this section. 

We note that the study of rationality properties of connected components of 
Hurwitz spaces has been studied previously in the context of the Inverse Galois 
Problem, with special attention paid to connected components defined over Q; see 
for instance the work of Fried and Debes-Emsalem on Harbater-Mumford compo- 
nents [DE06J . 

We now explain in more detail the contents of this section. The reader may 
wish to begin by glancing ahead at <|9] which gives a "user-friendly" summary of 
the results. 



After some notational preliminaries (*8.1| we recall in [8.2 the notion of a tan 



gential basepoint for the fundamental group in the sense of Deligne. To see why 
we need it, recall that the branched covers parametrized by our Hurwitz spaces 



CHurg n (see 1 5.2 ) are endowed with a marked point in the fiber over a specified 
point in the boundary of the compact disc. In particular, it is important that we 
are studying covers of a surface with a boundary component as opposed to a surface 
with a puncture. Constructing the analogous set-up on the algebraic side requires 
a bit of work, since the complex points of A 1 are naturally a punctured sphere, not 
a disc. The tangential basepoint provides the necessary analog. 

With the notion of tangential basepoint in hand, we make an algebraic analog 
to the notion of branched G-cover in |8.3| In j ]8.3| we also define algebraic analogs 
of the multidiscriminant and boundary monodromy (see f|5] for these notions in 
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the topological context). For example, in topology, we may assign to a branched 
covering the element ^2 m(C)ec of Z c / G , where mc is the number of branch points 
of monodromy type C, and the sum is taken over all conjugacy classes C in c. The 
multidiscriminant also makes sense in the algebro-geometric context, but requires 
some care, thanks to the fact that inertia groups in the arithmetic setting do not 
come equipped with a canonical generator. This means, in particular, that the 
behavior of the multidiscriminant under "Galois conjugation" is not transparent. 



After some algebraic preliminaries ([8.4) we make in [8.5 an algebraic analog of 
the assignment 

branched topological G-cover — > element of the universal marked central extension G. 

that was described in Theorem |7.6.1| It remains then, to prove the analog of The- 
orem |7.6.1[ i.e. that this assignment in fact separates components of the Hurwitz 
scheme. This is done in the final |8.7| by "comparison between characteristic and 
characteristic p" , after recalling the definition of the Hurwitz scheme in §8.6| 



8.1. Notation. This section contains a significant amount of notation, for which 
we apologize to the reader. 

8.1.1. Fields. Let fc be a separably closed field. Let fco C fc be a subfield such that 
k is the separable closure of fco, and define Tk to be the Galois group of k over fco. 
We will almost exclusively have in mind the case where fco is a finite field and k its 
algebraic closure. We denote by p the characteristic of fc, if nonzero. 

8.1.2. Schemes. Unless otherwise specified, all schemes are fc-schemes. (There will 
be several points where we consider schemes over other rings, notably §8.2.1| where 
we work over a discrete valuation ring and §8. 2. 3| where we work over fco. In each 
case this will be indicated.) 

We will work throughout this section with the projective line P 1 . Our P 1 will 
always be endowed with a choice of a closed point which we call oo; we denote by 
A 1 the open subscheme of P 1 obtained by deleting oo. 

8.1.3. Tate twists. We adopt the notation Z(l) for the group lim/i„ and Z for 
the ring Um(Z/nZ), where the limit is taken over all n relatively prime to the 
characteristic of fc. The subset of topological generators in Z(l) will be denoted 
Z(l) x . It is a torsor for the units Z x of Z. It also carries an action of Tfc, by virtue 
of its description in terms of roots of unity. 

Notation warning: It is more customary to denote the group we call Z by Z', 
to emphasize the fact that we have removed the pro-p-part of the group. We have 
deviated from this custom in order to keep superscripts to a minimum. 

8.1.4. The power action. Let A be a set endowed with an action of Z x . We denote 

by 

(8.1.1) X(-l) :=Mor2 X (Z(l) x ,A) 

the set of functions Z(l) x — > X that are equivariant for the Z x -actions. Of course, 
if we fix one element [i G Z(l) x , then an element of A(— 1) is uniquely specified by 
its value on [i. 
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The Galois group acts on X(—l) through its action on Z(l) x . Explicitly, for 
/ G X{—1), we have 

f{au) = f(u) 

where u G Z(l) x , and a e Gk has image a £ Z x under the cyclotomic character. 

If X is a finite group, Z x has a natural action on the set of elements of X, 
defined as follows. Given a <E Z x and x E X, we set x a — x k , where k is the image 
of a under Z x i-> (Z/xZ) x , where x is the order of x <G X. We refer to this as "the 
power action" of Z x on X; if X is abelian, it is an action by automorphisms of X. 

When X is a group, X(—l) is identified with Hom^(Z(l), X), which is the 
"usual" definition of X{— 1): any equivariant function Z(l) x — > X extends uniquely 
to an element of Hom2(Z(l), X). If X is an abelian group of order TV, we have an 
identification of I^-modulcs 

X{— 1) = Hom(/i7v,X) (group homomorphisms). 

where the Galois action on the right-hand side is inherited from that on /j,^. 

8.1.5. Universal marked central extension and multidiscriminant. Now let G be 
a finite group whose order is prime to the characteristic of k, together with a 
conjugacy- invariant subset c C G which is rational, i.e. c a — c for a £ Z x . 



In the prior section we have shown (Theorem 7.5.1 1 the existence of a universal 
marked central extension (G, /, c). Let ^(G, c) = ker(/). The trivial central 
extension G x Z C/>G — > G admits a natural marking (obtained by lifting g € c 
to (g,e g ), where e g is the coordinate vector corresponding to g). The universal 
property of G induces a morphism 

(8.1.2) G^GxZ c/G 
which restricts to a homomorphism 

(8.1.3) ^(G,c)^Z c / G , 

which we shall sometimes call "the multidiscriminant morphism." 

The group Z x acts on Z c / G by virtue of its action on c/G; explicitly, 

(8.1.4) aeZ x :e x ^ e x «, 

where e x is the coordinate vector corresponding to x G c. We call this action the 
permut ation a ction of Z x on Z c / G . It will be important for us to lift this action to 



G: see f 8.1.7 



There is a natural homomorphism 

| • | : Z c / G -> Z 

which sends each e x to 1. Note that |om| = | m | for any a € Z x and any m € Z c / G . 

8.1.6. The profinite Z x action on the profinite completion of G. Recall (discussion 
after (8.1.4 1 ) that we wish to lift the Z x -action on Z c / G to a Z x -action on G. 



We now carry out a preliminary construction: we pro duce a n action (the "profi- 

we will extract from 



8.1.7 



nite action") of Z x on the profinite completion of G. In { 
this the desired Z x -action on G itself (sometimes called the "discrete action" when 
we need to clearly distinguish it from the first action). 
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7.5.1 



this action is described 



The group Z x acts on the functoij^] that sends a finite central extension (G', /') 
to its set of markings: given a marking d we replace it by c' a . (This is indeed a 
marking by virtue of the assumption that c is rational, i.e. setwise fixed under the 
action of Z x .) Explicitly speaking, if x i— > x is the lifting of c associated to d , then 
the corresponding lifting for c' a is given by 

x i y (x^ 1 ) . 

Now let (G, /, c) be a universal marked central extension. Then the profinitc 
completion of G - call it G A - comes equipped with a map to G and a lifting of 
c; by abuse of notation, we continue to denote these as (G A , /, c). It is easy to see 
that this admits a unique morphism to any finite marked central extension of G. 

In other terms - considered as a functor from the category of finite central 
extensions of G to the category of sets - the "set of markings" is represented by 
(G A , /). Thus, from the action on markings, we get a group action of Z x on (G A , /) 
itself. 

Using the description of G from part (i) of Theorem ' 
by the ml<^\ 

(8.1.5) a G Z x : [g^ . . . [g r p — > {[gf ^[gf 1 ] 

(The exponents ki can be taken to be ±1 if desired; they are there simply so 
that the definition is not restricted to the semigroup generated by the \gi\.) Wc 
refer to this action as the profinite action and denote it by 

a-tt (a G Z X ,H G G A ). 

8.1.7. The discrete action of Z x on G and H' 2 (G,c). We now define the action of 
Z x on G itself. 

We define a new action * of Z x on G A via the rule 

a*X := (o^ 1 -X) a pTGG A ) 

The map from G to its profinite completion G A is injective, realizing G as a 
subgroup of G A . We show below that the the discrete action Z x in fact preserves 
this subgroup, so that we can promote * to an action of Z x on G itself. 

Consider the morphism G — > G x Z c / G of (8.1.2), and the induced morphism 



G A — > G x Z c / G of profinite completions. This is equivariant for Z x , where Z x 
acts on G by means of *, it acts on G by the power action, and it acts on Z c / G 



by the permutation action (8.1.4|. In other terms the following commutes for any 
a G Z x : 



^In other words, there is an embedding of Z x into the group of natural automorphisms of this 
functor. 

" To see directly that this defines a self-homomorphism, we need to verify the defining relation 
[x] [y] [x] ~ 1 = \xyx~ 1 ] remains valid under the above rule. In other words, we need to check that 

But indeed [x a ] a and [as] differ by a central element, because they have the same image in G. 
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G V ► G X Z c /° 

(8.1.6) a* a 

G v > G x Z C ' G 

On the other hand, G is the preimage, inside G A , of G x Z c / G . Since Z x (in 
the right-hand action, i.e., the power action and permutation action) preserves 
G x Z c / G c G x Z c / G , it follows that the * action also preserves G inside G A . 

One can write down the discrete action rather explicitly, in terms of a certain 
cocycle Z x — > H2(G,c); we refer to sj9]for this and some examples. 

8.2. Tangential basepoints. For reasons explained in the introduction to this 
section, we will need to adopt the viewpoint of tangential basepoint; the next two 
subsections are devoted to this task. The material contained therein is in some 
sense familiar to experts, but lacks a standard reference, so we include it here in 
the interest of self-containment. 

8.2.1. Setup. Let A be a ring drawn from one of two classes; either A is a complete 
dvr with residue field k, maximal ideal m, and fraction field K; or A is a field k, in 
which case we understand m = and K = k. 

In what follows we regard P 1 as a scheme over Spec(^4). We fix an open sub- 
scheme U C A 1 / Spec A, whose complement in P 1 is finite and etale over Spec A. 

For any point p £ P 1 (A) we denote by O p the completed local ring of P 1 at 
p(s), where s is the special point of Spec(A). The map Spec(A) — > P 1 factors 
through Spec (O p ) and we denote by m p the prime ideal of O p that is the image of 
the generic point of Spec(A). Finally, we denote by K p the localization of O p away 
from m p , that is to say, obtained by inverting a generator for m p . 

Note that O p is isomorphic to A[[t]] in such a way that m p corresponds to the 
ideal generated by t; and K p is isomorphic to A((t)). In particular K p is not a field 
in general, although it is a field in the degenerate case where A is a field. 

Thus we have a morphism Spec(K p ) — > U which, after a choice of a geometric 
generic point r\ of Spec(-Kp), induces a morphisnj^j 

^(Spec(K p ),7 ? ) = Z(l)^^([/,r ? ) 

Here the notation n\ denotes the tame fundamental group; more precisely, it refers 
to the group classifying etale covers of the scheme P 1 over A that are tame along 
the divisor P 1 — U. 

If y : Spec(L) — > U is another geometric basepoint, the tame fundamental group 
n\(U,y) can be identified with n\(U, 77); this identification is canonical only up to 
conjugation. So associated to r\ is a conjugacy class of homomorphisms from Z(l) 
to Tr\(U,y). The image of this homomorphism depends only on p, and we call it 
a tame inertia group at p. When p £ U(A), or even when the restriction of p to 
P 1 (if) lies in U(K), the tame inertia group at p is trivial. 

7 Indeed, 7Ti (Spec(iip), rj) is isomorphic to the absolute Galois group of K p , and the latter is 
isomorphic to Z(l) via the morphism 

j e Gal ^ e nn, 

a 

where a is an nth root of a uniformizer. 
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We will also sometimes use the notation tt[ to denote the maximal prime-to-p 
quotient of the etale fundamental group, which is a quotient of tt\; by a slight abuse 
of notation, the projection of a tame inertia group from the tame fundamental group 
to its prime-to-p quotient will also be called a tame inertia group. 

8.2.2. The tangential basepoint via Puiseaux series. This discussion, of course, de- 
pends on the choice of a geometric generic point r\. We now explain how to remove 
this ambiguity. Choose an element ir £ O p which generates the ideal m p . 

Define the ring of Puiseaux series Kpin 1 / 00 ] to be the "union" \J( N p \ =1 Kp^K 1 ^]; 
more precisely, as the direct limit of rings En '■= K p [ti>f]/(t% — 7r) under the tran- 
sition maps En — > E^k induced by t/v H> t Nk . This ring is equipped with a 
distinguished Ath root of tt for every (N,p) = 1, namely ijy itself. Write n^ for the 
embedding of K p into Kpln 1 / 00 ]. 

We have used the notation Kpln 1 / 00 ] to remind the reader that K p need not be, 
in general, a field. However, in cases where K p is a field (i.e., when A — k is a field) 
we allow ourselves to use the notation Ap^ 1 / 00 ) for K^tt 1 / 00 }. 

If / : Y U is a tame cover of degree d, and Y p — > Spec(A p ) its restriction, then 
the pullback Y p x g pcc k p Spec Kpln 1 / 00 ] splits into a set of d copies o/Spec K^tt 1 / 00 ] . 
This fact is fundamentally important for us. It follows from Abhyankar's lemma 
[SGA03I Corollaire 5.3, XIII] applied to O p A[[t}}. 

Denote this set of d copies by fib^/); now fib^ is a fiber functor from the category 
of tame covers to the category of finite sets, and the automorphism group of this 
functor is a group we call tt\(U, n n ). In other words, n n can be thought of as a 
basepoint for the tame fundamental group of U\ in fact it is a tangential basepoint 
in the sense of Deligne, as we discuss in the next subsection. 

We have also a canonical morphism 

Z(l)->7rKtf,»k). 

which arises from the action of Z(l) as ring automorphisms of K p [tt 1 / 00 ] over K p . 

The next step is to understand the dependence of this data on the choice of n. We 
claim there is a canonical isomorphism between tti(U, r)^) and ni(U, n^) whenever 
7Ti = 7T2 modulo trip. We will demonstrate this by constructing a distinguished 
isomorphism 

(8.2.1) / : K p {Tr{ /o °} 4 K^ 00 } 

over K pi which identifies the two fiber functors. 

We construct / as follows. We have already remarked that tti has a distinguished 
A^th root ijv in i£p[7r{ / ' 00 ]. In order to specify the isomorphism /, we need only 
specify /(£at) for every N. By definition, 

^(7r 2 1/o °) = limK p [u N ]/(u N - tt 2 ) 

We define /(^Af) to be the unique Ath root of tt\ in Kpl^ 1 ^ 00 ] that differs from un 
by an element of m p -adic valuation strictly greater than 1/A. 

8.2.3. Galois action on fundamental groups with tangential basepoint. When the 
affine curve over k whose fundamental group we are studying arises by base change 
from a curve over fco, the entire picture carries an action of Tfc. To explain how 
this works, especially with respect to the tangential basepoint, requires setting up 
some of the algebraic mechanisms of section [8.2.2| over the smaller field k . 
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To this end, let Uo be an open subscheme of A 1 /ko- (In this section, all schemes 
are over k unless otherwise indicated.) Let ir be a uniformizer in the completed 
local ring of Uo at p, and write Ko tP for the localization of this completed local ring 
away from p. In this case K$ p is a field and we allow ourselves to use the notation 
K ,p{tt 1/o °) instead of Kq^tt 1 ' 00 ]. 

The inclusion of Kq iP into K v {% l l°°) yields a map 

As above, we can define a fiber functor, which we again denote fib T , on the 
category of tame covers of Uo as follows. If / : Y — > Uo is a tame cover, we let 
Y p be the restriction of Y to Speci^o, P , and then define fib„-(/) to be the set of 
connected components of Y v Xk K v {t^'°°). We denote the automorphism group 
of this fiber functor by TTi(Uo,ri n ). 

Now the family of covers U Xfc k', as k' ranges over separable extensions of 
fco, yields a surjective homomorphism from iri(Uo, Tj v ) to 7ri(Spec/co) = Tfe, whose 
kernel is the group ni(U, rj^) defined in the previous section. Moreover, there is a 
natural map 

coming from the action of Gai(Kp(TT 1 /°°)/Ko, p ) on Y p Xk 0p Kpiir 1 ^ 00 )- 

On the other hand, we can also define a field Kq^tt 1 / 00 ) by adjoining formal 
roots of 7r to -?Q),p as above. Then we have an exact sequence of Galois groups 

1 -> GalO^Tr 1 / 00 )//^) -> Gal^Tr 1 / 00 )/*^) -> Ga,\(K p /K ,p) -> 1 

where the latter surjection has a section given by the identification of Gal(K p /Ko tP ) 
with the Galois group of Kp^ 1 / 00 ) over i^ ,p( 7rl ^ o °)- Both of these groups are also 
naturally identified with IV 

In particular, the tangential basepoint 7r gives rise to a section Tk Tti(Uo, Tfr), 
just as would an ordinary basepoint defined over fco- This section endows tti(U, rj^) 
with an action (not merely an outer action) of T^, which preserves the tame inertia 
group at p. 

8.2.4. Relation with Deligne's tangential basepoint. We have seen above that, by 
means of a choice of a germ of a function near a puncture of U , we can construct 
a fundamental group for U which is "based" at that germ and which contains a 
decomposition group that is canonical (i.e. not only defined up to conjugacy.) We 
now explain the relation between this fundamental group and the tangentially based 
fundamental group defined by Deligne. 

In this section, we work over the field k, but we note that Deligne asserts in 
|Del89[ §15.19] that a similar definition has the desired properties over a more 
general base scheme. 

Let y = 2/oo be a nonzero tangent vector at oo. We are going to associate to y a 
fiber functor 

fib y : etale coverings of U — > finite set. 

This fiber functor is equipped with a canonical action of Z ("monodromy around 
oo") and gives us then the notion of "etale fundamental group based at v" denoted 
7r i(^ J 2/oo) (namely: automorphisms of this fiber functor). Deligne |Del89| §15] 
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gives an explicit description of this fiber functor when working over a field k of 
characteristic 0, as follows: 

An etale cover Y — > U induces by normalization a ramified cover Y' — > P 1 . 
Denote by S the preimage of oo in Y'(k), and by Tg the disjoint union of all 
tangent spaces to Y' at points of S; it is therefore a disjoint union of affine lines. 
By taking "first nonvanishing Taylor coefficient" we obtain a map 

T s -> ^(P 1 ) 

that is ramified (possibly) at the origin of each affine component of T$. 

The fiber functor in question, then, associates to the etale cover Y — >• U the 
preimage of j/oo G T oc (P 1 ). Clearly this functor admits an action of the fundamental 
group of T oc (P 1 ) with the origin removed, that is to say the fundamental group of 
G m , which is isomorphic to Z(l). In other words, there is a canonical morphism 

Z(l) -+^([7,2,00). 

It is not hard to verify that, in this case, the fundamental group ix\ (J7, yoo) can 
be identified with the fundamental group defined in the previous section, taking 
A = k and 7r to be a uniformizer in O p whose differential d-K pairs to 1 with y^ 
under the natural pairing of cotangent vectors with tangent vectors. 

From now on, we will use the notation y x , rather than 77^ , to refer to a tangential 
basepoint based at 00, since the choice of 7r can be made once and for all and doesn't 
intervene in the arguments, and we wish instead to emphasize the connections with 
the topological situation (where is to be thought of as a physical point on the 
boundary of a disc.) 



8.3. Branched G-covers and their invariants. Our preliminaries on tangential 
basepoints now complete, we are ready to give the algebraic notion of a branched 
cover, i.e. the algebraic analog of the notion discussed in |5.2| In all that follows, we 
suppose fixed a tangential basepoint for P 1 at 00 over Spec(Z) 7 i.e., a nowhere 
vanishing section of the restriction of the tangent bundle 0/P 1 to the oo-section of 
Spec(Z). In particular, this yoo gives rise also to a tangential vector "over kg," in 



the sense that it arises from a uniformizer in Kq^oo as in [8.2.3 



8.3.1. Definition of a branched G-cover. We recall that G is a finite group whose 
order is invertible in k. 

By a branched G-cover 0/P 1 we mean: 

• A proper smooth geometrically irreducible curve X over k; 

• A morphism h : X — > P 1 ; 

• An embedding G <-» A\xt(h) such that G acts simply transitively on each 
geometric fiber; 

• An element * of fibj,^ (h). 

This notion is analogous to the notion discussed in |5.2| Such a G-cover / defines 
a surjection 7Ti(Z7, y^) — > G, as follows: 7Ti(i7, j/oo) acts on Gb Vao (h), and to each 
element a £ iri(U, y^) we associate the unique g € G such that a ■ * = g ■ *. 

We say a G-cover of P 1 is n-branched if it is ramified at exactly n points of 
A 1 (fc) (it may or may not be ramified at 00, so the morphism X — > P 1 may have 
cither n or n + 1 branch points.) 
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8.3.2. (G, c)-cover. Multidiscriminant m and boundary monodromy S. Suppose 
given a branched G-cover h of P 1 as above. 

For any branch point p e A 1 (fc), we obtain a conjugacy class of morphisms from 
Z(l) to G; we denote by 

(8.3.1) t p :Z(l)^G 

any morphism in this class. Similarly, restriction via the map Z(l) — > 7Ti(J7, ?/oo) 
attached to tame inertia at oo yields a homomorphism 

too : Z(l) -> G. 

Unlike the other morphisms t p , the morphism too is well-defined, not only defined 
up to conjugacy. 

We say that h is of monodromy type c if tp(/x) lies in c for all branch points 
p in A 1 and all p € Z(l) x . In that case, we will often refer to h as a branched 
(G, c) -cover. 

We can now attach a multidiscriminant 

me Z c / G (-1) 

to every G-cover of monodromy type c. The definition is as follows: for each 
fj, E Z(l) x , we define 

(8-3.2) m(/x) = ]T e tp(Al) eZ c / G 

pG A 1 (/c) .branch point 

This function is easily verified to be Z x -equi variant, thus defining an element of 
Z c / G (— 1). Note that the sum of coordinates of m(/z) is independent of the choice 
of n € Z(l) x ; it is simply the number of points in A 1 which are branched in X. 
This sum is the quantity we have already denoted |m|. 

We have already mentioned that G(— 1) is naturally identified with Hom(Z(l), G); 
the boundary monodromy of h is the element 

SeG(-i) 

corresponding to too under this identification. 

8.3.3. Galois actions on multidiscriminant and boundary monodromy. If / : X — > 
U is a branched G-cover, and a e Tk, we can construct a Galois conjugate f a : 
X a — > U a , where JT CT is the Cartesian product 

:=Xx (k>a) k,U a = Ux (kt<r) k. 

In this section we explain how the multidiscriminant and boundary monodromy 
of f a relate to those of /. Again, this material is not original and is included for 
lack of a precisely applicable reference. 

Let p G P 1 (fc) be a branch point of k, let <f> be a uniformizcr in the completed 
local ring of P 1 at p, let q e X(k) be a point in the fiber f^ 1 (p), and let N be the 
ramification degree of / at q. Then the completed local ring of X at q contains iVth 
roots of 4>; pick one such and call it <f> x ^ N . Then, for each /i £ /itjv(fc), we can define 
Lp(ti) to be the unique clement g of G such that g{cf> 1/N ) = [i<j) 1/N . Of course, a 
different choice of q will modify this clement by conjugacy in G. 
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The cover f a is branched at p a € P 1 (^); write iZ a : Z(l) — > G for the corre- 
sponding inertia homomorphism. The naturality of the definition above tells us 
that 

^(/■O = <-p(m) 

both sides being defined only up to G-conjugacy. This, in turn, implies that the 
multidiscriminant m(f rT ) of f a is just m(/) <T . 

(Recall that the Traction on Z c / G (-1) = Morg(Z(l), Z c / G ) is specified by the 
rule 

run = m 

for/eZ c / G (-l), M eZ(l).) 

The same argument applies to the boundary monodromy, taking p = oo. In this 
case, our uniformizer ir has been chosen to be fixed by Tk , and moreover the choice 
of a point * in f~ 1 (oo) has already been made as part of the definition. Thus the 
identity 

= too (A*) 

holds without any ambiguity concerning conjugacy, and shows us that 

s(n = $(fr 

in G(-l). 

8.3.4. The goal. Taken together, we have defined in §8.3. 2| an invariant 5 x m of a 
branched G-cover of P 1 , which takes values in 

(Gx Z c / g ) (-1). 



It will be more convenient in our setup to deal with S^ 1 x m rather than S x m 
(i.e, to invert the boundary monodromy). Our goal in this portion of the paper is 
to refine S^ 1 x m to an invariant valued in 

(8.3.3) i€G(-l), 

whose projection to G x Z c / G under the map (8.1.21 is S^ 1 x m. Following Fried 



and Serre, we call 3 the lifting invariant of the cover. (Note tha t to m ake sense of 



G(— 1) one needs an action of Z x on G, which was specified in { 8.1.7 1 



We have already shown that the invariant 5 1 x m is equivariant for the specified 



Galois actions on both sides. In § 8.5.3 we show that the lifting invariant 3 is also 
Galois-equivariant. 

The geometric story then develops as follows. As we shall see below, G-covers 
are parametrized by a moduli scheme called the Hurwitz scheme, and we shall show 
that, when m is "large enough" in a suitable sense, two geometric points of the 
Hurwitz scheme lie in the same geometrically connected component if and only if 
the corresponding G-covers have the same lifting invariant 3. In other words, 3 is 
the most informative discrete invariant of a G-cover. The Galois equivariance of 3 is 
what allows us to determine the Galois action on the set of connected components 
of the Hurwitz scheme. 
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8.4. The lifting invariant: preliminaries on generators for m. Let U be an 



open subset of A 1 and let y x be the fixed tangential basepoint at oo (see £8.3 1 
Denote by tt\{U, j/oo) the tame geometric fundamental group of U based at yoo(i.e. 
the group classifying covers of P 1 that are tame along P 1 — U) and by tv[(U, J/oo) its 



maximal prime-to-p quotient. As we have discussed in £8.2.4 7Tj_(t7, y<x>) is endowed 
with a canonical inertia subgroup at oo. Write Pi, . . . ,P r for the geometric points 
of A 1 — U. 

Choose elements jj G ^i(U, t/oo) with the property that 
(8.4.1) 7i---7«7oo = l 

and 7i, . . . , 7„ (respectively 7oo) topologically generate inertia groups at Pi, . . . , P n 
(respectively, the canonical inertia group at oo). Such 7 j exist by Grothendieck's 
comparison of etale and topological tti; see [SGA031 Corollaire 2.12, Expose XIII]. 
That corollary doesn't directly address fundamental groups with a tangential base- 
point, but this poses no problem; given a non-tangential basepoint y, we can write 
down a set of generators 7, which generate inertia groups at the specified points, 
then apply an arbitrarily chosen identification of ni(U,y) with ■n\{U 1 y 00 ). In the 
resulting set of generators, 700 generates an inertia group at 00, but maybe not the 
canonical one; this can be fixed by conjugating all the 7^ by a suitable element of 
7ri(J7,yoo). 

The procyclic subgroup (7$) in tt[(U, j/qo) is an inertia group at Pi and, as such, 



there is a canonical identification (see (8.3.1 1) 



n : ( 7i > — ► Z(l). 

Moreover, the image of 7 = 71 . . . , 7m 7oo under ®rj in 0Z(l) n+1 lies in the 
diagonal Z(l). This follows from the exact sequence in etale homology 

Z(l) = H 2 (P\ Z) — > Z(l)" +1 — > #!([/, Z). 

Let 1(7) £ Z(l) be the corresponding element of Z(l), that is to say, the common 
image of the 74. 



Now take another choice (7J, . . . , 7^, 7^) satisfying (8.4.1) with corresponding 
clement 1(7') e Z(l). Choose a € Z x so that 

I(Y) = 1(7) • oc. 

Such a exists because both 1(7) and 1(7') are generators for Z(l). In this case, we 
claim that j' r is conjugate to 7", for every r. 

Indeed, the subgroups (j' r ) and ( 7r ) are both inertia subgroups at P r and thus 
conjugate inside ■K\{U, P r ); moreover, this conjugacy preserves the identification of 
both subgroups with Z(l). 

8.5. The lifting invariant: definition. We shall now attach to any branched 
(G, c)-cover an invariant 3 e G(— 1) whose image in (Gx Z c / G )(-1) under the map 
( 8.1.2[ ) is simply the inverse of the boundary monodromy together with the multi- 



discriminant of the covering (cf. { 8.3.4 ) . The inversion of the boundary monodromy 



is merely an annoyance of our setup; it has no deeper significance. 

8.5.1. Remark. A similar definition can be made in the number field case: see 
(VETO] . 
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Let (G, /, c) be the prime-top profinite completion of a universal c-marked cen- 
tral extension; for g € c let [g] £ G be the preferred lift of g to G. Then the lifting 
invariant is characterized by the following Proposition: 

8.5.2. Proposition. Let 

ip : tvi(U, j/oo) — ► G 

be the homomorphism associated to a branched (G, c)-cover. 

There is a unique element 3 £ G(—l) with the following property: 

For any choice of ordering of the branch points P\ , . . . , P n and any choice of 

7 = 7i,...,7 n (and implicitly 7^ ) as in the previous section, 3 sends 1(7), the 

common image of the 7,; in Z(l), to 

Z{l) := fo>(7i)] • • • fc>(7»)] e G. 
Note that, for any choice 7 = (71,..., 7 n ), there is a unique morphism 3 7 € 

G(-l) that sends J ( 7) 6 Z (l) x to £(7) e G (see remark after ( pT5T] )). The 
content of Proposition 8.5.2 then, is that this 3 7 is actually independent of 7. 



Assuming the proposition for the moment, let us verify that such an invariant 3 
indeed projects, under 

G(-l) 4(Gx Z c / G )(-1) = G(-l) x Z c / G (-1) 

to the inverse of the boundary monodromy (in the first factor) and the multidis- 
criminant (in the second factor): 

(i) The projection of 3 to G(-l) sends 1(7) <E Z(l) x to 

fill) ■ ■ ■ <p(ln) = ^(7oo) _1 G G; 

this mapping is, by definition, the boundary monodromy inverted. 

(ii) The projection of 3 to Z c / G (-1) sends 7(7) G Z(l) x to 

n 
i=l 



which is precisely the multidiscriminant (see ^8.3.2). 

Proof, (of Proposition 8.5. 2[ ) Since tt[ is free as a prime-to-p profinite group, <p lifts 
to a homomorphism <p : tt'i(U, yoo) — > G A , where G A is the profinite completion of 
G. That lift is unique up to multiplication by a homomorphism \ '■ ^K^iJ/oo) — ► 
H' 2 {G : c) A , because of the exact sequence 

H^(G,c) A -> G A -> G. 

Thus we may compare tp and the specified lift of the conjugacy class c: there 
exists Zi £ H' 2 (G.c) h so that 

(8.5.1) 0( 7i ) • = [^(7*)] 
With this convention, we have: 

(8.5.2) Z(j) = ^(71)21 • ^(72)22 ■ • • ■ = i^^ 1 )^^ ■••z n , 

since ^(71)^(72) ■ • ■ ^(7n)<^(7oo) = 1 and the Zj are central. 

Observe that, had we replaced 7^ by a conjugate, the quantity (as defined by 
the above equation) would be unchanged. We must now show that 3 is independent 
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of our choice of 7. To this end, we choose a new 7' subject to the same constraints 
that governed 7; that is, 

7i---7„7oo = 1- 

and there exists a permutation a £ S n such that 7^ generates a tame inertia group 
at P a uy Moreover, 7^ is constrained to generate the canonical inertia group at 
00, so that 7^ = 7^, for some a G Z x . The common image of 7^ in Z(l) is then 
given by 1(7') = I(j)oi. 

We define z[ € H' 2 (G, c) by the formula 

m) = [MM- 

Since 7^-1^) is conjugate to 7", we have 

= [v(7i) a ]«-i W ) 

whence 

We compute 

^(V) = u.[<pH)] =n^)n^) _i = ^((^ i ) a )ii^)" 1 - 

On the other hand, the image of Z(j) under the profinite action of a -1 is, by 
L5} 



a 



with the last equality obtaining thanks to the fact that H' 2 (G, c) is central in G. 
It is now immediate that 

Z{±T % = a- 1 ■ Z{j) 

which is to say 

Z{pf ) = a * ^(7) 

where * denotes the discrete action of Z*; this was the statement to be proved. 

□ 

8.5.3. Galois action. Our lifting invariant is compatible with the action of the Ga- 
lois group, i.e. the mapping 

branched (G, c)-covers of P 1 — > G(— 1) 

is compatible with the T^-actions on both sides; the T^-action on the left-side has 
been discussed in { 8.3.3| whereas the reaction on the right-hand side was just as 
discussed after (9.5.1). 

Proof. There is a map 

a- 1 ■.7r 1 (U^if 0C )^Tr 1 (U 1 y 00 ) 

arising from the map of schemes XJ a — > U as in j |8.3.3 If X U is a (G, c)- 
cover corresponding to a map 4> '■ ni(U, 2/00) — > G, then <j> o cr _1 : tti(U (J , y^) — > G 
corresponds to the Galois conjugate cover X" — > U a . Moreover, one can choose 
the homomorphism 

f^i-.n^U^y^^G* 



HOMOLOGICAL STABILITY AND THE COHEN LENSTRA CONJECTURE, II. 



51 



to be o a 1 . Having done so, and recalling that 

i(a- 1 ( 1 )) = x (<y)- 1 i(i) 

one argues just as in the proof of Propsition |8.5.2| to see that the lifting invariant 
of (p o cr _1 is obtained from that of ip by allowing x{°~) to operate on G(— 1) := 
Hom(Z(l) x ,G) through its action on Z(l) x . This is precisely the definition of the 
Galois action on G{— 1). 

□ 

8.6. Connected components of Hurwitz schemes: discussion and exam- 
ples. We have now defined a lifting invariant 3, which Galois-equivariantly assigns 
to each branched (G, c)-cover of P 1 /k an element of G{— 1) . In this section, we work 
out the relationship between this lifting invariant and the connected components of 
a moduli space of branched G-covers, the Hurwitz scheme. To do this, we will need 
to expand our attention from G-covers over a A: to the relative case of G-covers over 
a more general base scheme. Our primary source for the definition and properties 
of the Hurwitz scheme is the paper of Romagny and Wewers [RW06 

8.6.1. The configuration space of points: algebraic version. Let A — SpecZfj^r], 
and let Conf„ be the configuration space of unordered n-tuples in A 1 , considered 
as a scheme over Spec A. Explicitly, Conf„ is obtained from A n by deleting the 
discriminant locus, i.e., the function / : (01, . . . , a n ) 1— > disc(x" + Yli=i a i xU " 1 )- 

There is a universal family U — > Conf„ whose fiber above a configuration is the 
corresponding punctured plane; in terms of the explicit identification of Conf„ with 
A", U is described as 

n-l 

(01, ... ,a n ;x) £ A™ x A 1 : x n + a,iX n ~ i ^ 0. 

1 

8.6.2. An algebraic version of Hurc,n- hi this section, we continue to work over 
the base ring Z[-hM. We also assume that G is center- free, but we anticipate this 



is unnecessary, see Remark 8.6.4 We explain how to construct a scheme CHur<3 ra , 
with the following property: 

For any geometric point Spec(fc) — > CHurG,„, there is a natural bijection 

CHurG.n(k) — > branched G-covers of P 1 with n branch points in A 1 , 

and moreover CHurG, n (C) is homotopy equivalent to the topological space Hurc, n 
studied in the first part of this paper. 

It is known (for reference, see [RW06] ) that there is a scheme church, equipped 
with an etale map 

7r : churc.n — > Conf n 

which is a moduli space for G-covers up to isomorphism, in the following sense: 
Write U for the preimage, in chur^ „ x A 1 , of U C Conf„ x A 1 . Let E be the 

complement of U in churc,n x A 1 . We regard U and E as open and closed subsets 

ofchurcnXP^P^J. 

Then there is a relative curve X — > churc ^ that admits a map to P^ urg with 

the following properties (see |RW061 §2.1, §2.4]): 
• It is etale over U C Pchur G „ ! 
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• Let Ex be its preimage of E in X. Then Ex is finite etale over Hur<3 n 
and the ramification of X at each geometric point of this locus is of order 
> 1 and prime to the residue characteristic. 

• Over any geometric point Spec(k) — > chur^.n, the induced map 

chur<3 i7 j(/c) — > { n-branched G-covers of P 1 }/G 

is a bijection. Here the action of G on the right-hand side is by permuting 
the specified element of fibj,^ . 

8.6.3. Remark. When deducing this theorem from the stated theorem of RW06 
one needs to recall the fact that an "n-branched G covers of P 1 " is, by definition, 
a cover branched at n points in A 1 ; it may or may not be branched at oo. 

8.6.4. Remark. For this section, we imposed again the restriction that G be center- 
free. The restriction to center-free G is simply a technical one, for in the general 
case churG n is only a Deligne-Mumford stack, not a scheme. It should be the case 
that the moduli space CHurc^ defined below is a scheme in general, but since this is 
ancillary to the main point of this paper we have not carried out such an argument 
here. 

We recall that the space churc^ is analogous not to our topological space Hur<3 n 
but rather to its quotient by G; in other words, it parametrizes objects that are like 
branched G-covers of P 1 in the sense used here, but without the specified point in 
the fiber over the tangential basepoint. 

We obtain the desired algebraic model CHutg )71 for CHur^n as follows. The 
moduli property of chur^^ provides us with a branched G-cover X — > P 1 x churG jn . 
Write V for the formal neighborhood of oo x churQ „. If it is a uniformizer of the 
completed local ring of oo in P 1 / Spec Z corresponding to our fixed tangent vector 



t/oo (see [8.3.1), we can define as in section [8.2.3 a cover Vjvof V tamely ramified 
at oo x churG !n by adjoining TVth roots of it, and by choosing N sufficiently divisible 
we can arrange for X Xy Vjy — ► Vn to be an etale cover; this is a consequence of 
Abhyankar's lemma. In particular, the fiber of X Xy Vn over oo x chur<3, n is an 
etale cover of churg n, which we call CHur^n, and which parametrizes branched 
G-covers of P 1 (in the sense specified at the start of this section). 

8.7. Components of the Hurwitz scheme. Let A be a strictly henselian dvr 
with residue field k, and quotient field K; let K be an algebraic closure of K. 

For any morphism / : Spec A — > CHurg^, let P be the corresponding point of 
CHurG, n (fc) and Q the corresponding point of CHurG „(^'). We say in this situation 
that "Q lifts P." 

For fixed such A, there is a unique bijection 

(8.7.1) components of CHurG,n over k — ¥ components of CHurG,n over K 

characterized by the property that if Q lifts P, then Q and P belong to components 



that correspond under ( 8.7.1 ). Compare [RW06 ( 4.15]. This is a consequence of 
tame specialization: Conf„ has a smooth proper compactification in which the 
complement of Conf„ is a relative divisor with normal crossings, and the cover by 
CHurc,,! is tamely ramified over the boundary (see |EVW09[ §7.2]). 

8.7.1. Proposition. Suppose Q e CHui"G, n (-R~) lifts P € CHurc : „(fc). Let Xq,Xp 
be the corresponding branched G-covers. Then Xq has all monodromy of type c if 
and only if the same is true for Xp. In that case, %(Xq) — $(Xp). 



HOMOLOGICAL STABILITY AND THE COHEN LENSTRA CONJECTURE, II. 



o3 



A word on interpretation is in order. Suppose, for the sake of the discussion, that 
the characteristic of K is zero, the equal characteristic case being easier. Now we 
understand the lifting invariant o{^(Xq) as being defined according to our previous 
discussion with k replaced by K . As such, it is a certain map from hm fi n (K) to 

G. On the other hand, i(Xp) is a function from l^im. . l Li n {k)- When we say 

the two are "equal" what we mean, more precisely, is that they are equal upon 
restriction to 

hm Hn{K) —t fim fi n (k). 

(n,p) — l (n,p) — l 

Proof. Let Uq be the open subscheme of A 1 over Spec(-ftf) corresponding to Q 
- i.e., the complement of the branch locus of the corresponding cover. Similarly 
define Up, an open subscheme of A 1 over Spec(fc). 

By virtue of our fixed tangential basepoint g/ooj it makes sense to speak of 
^i(U P ,yoo) and 7Ti([/q, y^). 

Associated to P, Q there are surjections 

7Tl(?7p,2/oo) -» G, 7Tl(^Q,2/oo) -» G. 

Claim: There is an isomorphism 7Vi(Up,yoo) — t 7Ti(J7q,J/oo) which commutes 
with the respective maps to G, and which moreover "preserves inertia groups." By 
this we mean that the Z(l) — > n\ associated to yoo is preserved, and the Z(l) — » m 
associated to each point of A 1 — Up is carried to a corresponding morphism for Uq. 



The Proposition follows easily from that claim (cf. remark after (8.5.2)) 



This claim is substantially a consequence of the tame specialization theorem. We 
reprise some elements of this proof, simply because the standard references do not 
treat tangential basepoints (and we wish to ensure that the isomorphism preserves 
our inertia group at oo not merely up to conjugacy.) 

The pull-back of the universal G-cover over CHur^ „ yields an etale covering: 

X A -+U A 

which is a "G-torsor," i.e. a tame etale cover together with a G-action simply 
transitive on every geometric fiber. Here, Ua is an open subscheme of P 1 j A whose 
complement is etale over Spec^. 

We denote by the pullback of X to Spec AT, and use similar notation Xj-. 

Consider the categories and functors 

prime to p etale covers of Uk 4— prime to p etale covers of Ua — > prime to p etale covers of 

As in [SGA03, XIII Corollaire 2.12] these are equivalences of categories. 

The tangent vector gives rise, as in §8.2.4[ to fiber functors y^ on the category 
of covers of Uk and Ug, and a canonical identification of those functors - a class 
de chemins in the notation of SGA 1. In this way we obtain an isomorphism 

compatible with the inertia homomorphisms at oo: that homomorphism arises from 
the action of Z(l) on A^ 1 / 00 ) and therefore on fib l/oo (/). As in the proof of loc. 
cit. this map also preserves the conjugacy class of inertia at the other punctures. 

□ 
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8.7.2. The Hurwitz schemes with restricted monodromy. We are now ready to define 
the scheme CHur^. m that is the analog of the topological space Hur^ r 



The prior result (Proposition 8.7.1[ ) implies, first of all, that there is a union of 
connected components of CHurg „/fc which parameterizes (G, c)-covers. We denote 
this as CHurg ra . Now let m € Z c / G (— 1) be a multidiscriminant. Since the multi- 



discriminant is locally constant on CHurc/fc by Proposition 8.7.1 the subscheme 

CHur G,m 

of CHui-q | m |/fc parametrizing covers with multidiscriminant m is a union of con- 
nected components of CHurg i m i. It may not be connected in general. We have now 
given all the necessary ingredients for the promised explicit description of the set 
of components of this space, together with the Galois action on this set. 

A little more notation for the final theorem: If m is a multidiscriminant in 
Z c / G (— 1), we choose a /i 6 Z(l) and write mindeg(m) for the minimum multi- 
plicity of any coordinate of rn(/i); we note that this is invariant under choice of /z, 
justifying the notation 



In keeping with the notation of Proposition 7.6.1 



we use 

"m sufficiently large" to mean "m such that mindeg(m) is sufficiently large." We 
denote by G m the preimage of m under the map G{— 1) — » Z c / G (— 1). 

8.7.3. Theorem. Let k be a separably closed field. Take X, X' € CHur^ m (k). Then 
l(X) — l{X') if X, X' are parameterized by points in the same geometric component 
of CHur c G m . 
The map 

$ : 7r (CHur^ m /fc)— >G m 
induced by X H> %(X) satisfies $(a CT ) = $(a) CT € G n 

cr £ Tfe. 

Finally, $ is a bisection for sufficiently large m. 



-1) 



(— 1) for a € 7To(CHur m ) and 



Proof. The first claim is clear when k has characteristic zero, by reduction to k = C. 



Otherwise we apply (8.7.1 ) and Proposition 8.7.1 lift the points P, Q corresponding 



to X, X' to points P,Q G QH\irc,n{K) where K has characteristic zero and also lie 
in the same component of CHurG „ over K. 

That $ is equivariant for the action follows from the analogous statement for 
1{X). 



By (8.7.1) and Proposition 8.7.1 it suffices to prove the bijectivity in the case 

and then one reduces to k 



when k has characteristic zero 
prove that 

7r (CHur G 



C; so it suffices to 



Jk c ) -> G. n 



is a bijection for all sufficiently large to. This is Proposition 7.6.1 



□ 



9. User's guide to fJTJ f|8j and examples. 



We now give what we hope will be a user-friendly reformulation of the results of 
the prior two sections, as well as some examples. The key point in our reformulation 
is a certain canonical cocycle in _ff 1 (Z x , ^(G, c)), which we will define below. 

For convenience, we return to the situation of the introduction, slightly general- 
ized to allow several conjugacy classes of local monodromy: 

- G is a center-free finite group; 

- C = {Ci, . . . ,Cfc} C G ia a set of conjugacy classes in G such that [JC, is 
rational (i.e., if g € 1J then g f g 1J Cj for every t prime to the order of g). 
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- to = (toi , . . . , TOfc) is a fc-tuple of integers so that m, = TOj whenever Cj = Cj 
for some t as above. (We call to a rational multidiscriminant.) 
We write c = {Jd. 

9.1. The set of components of interest. Given this data, we are interested in 
the set ttq = 7rrj(G,Cj, to,) of topological types of G-coverings of the Riemann sphere 
that have exactly m,j branch points of type Cj. More formally, we may describe 
this set 7To in several equivalent ways: 

(a) The component set of the space whose points are triples (X, /, t), where: 

— X is a compact Riemann surface, 

— f : X — > is a holomorphic map; 

— l : G — > Aut(/) is an embedding that makes G act simply transitively 
on a generic fiber, and 

— There are exactly X^ TO j critical values of / on Pq, and rtij of them 
are of "type Cj" with respect to t. 

(b) The component set of the space whose points are tuples {E\, E%, . . . , Ek, /), 
where 

— Ei is a subset of C of size m j ; 

— / is a conjugacy class of surjections 

f:7r 1 (P 1 c -E,oo)^G 

— f carries a loop around every point of Ej into Cj. 

(c) The set of orbits of the Artin braid group on n tuples (g±, . . . , g n ) modulo 
G-conjugacy, where Yidi = e i the gi generate G, and exactly rrij of the gi 
lie in Cj . 

Warning: The spaces defined in (a) and (b) are different. The space (b) cor- 
responds to the CHurcn that we have been using in the body of this paper. The 
space (a) refers to the definition of Hurwitz space more customary among algebraic 
geometers. The natural inclusion of space (b) into space (a) induces a bijection on 
connected components. 

Note that the sets described in (a) and (b) are both naturally the component-sets 



of complex points of certain moduli spaces defined over Q (see j 8J3.2 ) Therefore 
they carry an action of Gal(Q/Q). The results of sections sj7] and eJs] compute both 
7r (which is ultimately a question about topology) and the action of Gal(Q/Q) on 
ttq (which, a priori, is not.) We will summarize these results here. 



We have defined (Definition 7.3) a reduced Schur cover as a certain central stem 
extension 

H 2 (G,c)^G c ^G, 
where H 2 (G, c) is the quotient of H 2 (G, Z) by all "commutators" [x, y] £ H 2 (G, Z) 
where x, y commut^j and x € c. Such a cover is not unique; nonetheless our 
conclusions will be independent of choice of it. 

There exists a conjugacy- invariant subset c C G c , called the marking, that 
projects isomorphically to c C G; we denote by [<?] the unique element of c above 
g e c. 

Choose a G Z x . The action of a permutes C\, . . . ,Cu- There exists Zi(a) G 
H 2 {G, c) so that 

[g a ] = [g} a Zi(a) for any g G Cj. 

By [x, y] we mean here the image of a generator for H2(Z 2 , Z) under (a, 6) S Z 2 — > x a y b £ G. 
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Thus if we take a rational multiplicity to, the associated function 

(9.1.1) Z^:a^\{z t {a) m * 

i 

is a cocycle, i.e. its cohomology class defines an element of iJ 1 (Z x , ^(G, c)), where 
the action of Z x on H2(G,c) is the power action: a € Z x sends h 6 H 2 (G,c) to 
h a . Moreover, this cocycle is multiplicative, i.e. Z m + m i = Z m x Z m i. 

Proof, (that Z m obeys the cocycle condition): We denote by r Q the permutation of 
{1, . . . , k} induced by a. If g is an clement of Ci, we denote Zi{a) by z(g, a). Now 
note that 

and moreover 

[9 af3 ] = [9 a ] P z{g a ,P) = [g] aP z(g,afz(g a ,/3) 
and thus we obtain the condition: 

(9.1.2) Zi (aP) = zi{af ■ z Ta{{) (p). 

By the rationality of to, we can express Z m as a product of functions on Z x of the 
form 

z ° = n z% 



where O is an orbit of Z x on {1, . . . , k}. It is clear from (9.1.21 that Zq satisfies 



the cocycle condition, whence so does Z m for any rational to. □ 
9.2. Summary of the theorems. The map 



(01, ... , g n ) as in (c) of pT]^ [gi] . . . [g n ] e H 2 (G, c) 
defines a bijection 

if every rrii is sufficiently large. 

If the Galois automorphism a induces a G Z x under the cyclotomic character, 
the action of a on t:q corresponds to the action 

heH 2 (G,c)^h a " -Z^oT 1 ). 

In particular: 

(i) Suppose that every coordinate TOj of the rational multidiscriminant m is 
sufficiently large. Then the Hurwitz space (i.e., either the algebraic variety 



underlying the space of ^9.1 (a), or the algebraic variety underlying the 
space of S9.1 (b)) admits a Q-rational component if and only if 

Z 7JL eH 1 (Z x ,H 2 (G,c)) 

is trivial. 

(ii) In particular, the Hurwitz space has a Q-rational component whenever 
each coordinate mj of to is sufficiently large and divisible by the exponent 
of# 2 (G,c). 

(iii) (Again, assuming that every coordinate m, of to is sufficiently large): When 
there is a rational component, the set of all rational components is a torsor 
under the 2-torsion subgroup H 2 (G,c)[2\. (In fact, for any finite group, 
g 6 G is fixed by the power action of Z x if and only if g is 2-torsion.) 
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9.2.1. Remark. In the previous sections f|7j f|8]a somewhat more general situation 
is considered - in the situation of (c) above, it would correspond to removing the 
constraint that Y[ 9i — e - 

9.3. Some examples. 

9.3.1. A simple condition guaranteeing that Z is trivial. There is a convenient class 
of examples, which in practice encompasses many natural examples: 

(+): Every conjugacy class in c is rational, and the order of any 
element of c is relatively prime to the order of H 2 (G, Z). 
In this case H 2 (G,c;Z) = H 2 (G, Z) and the cocycle Z is trivial. This is the 

situation, for instance, in the case first studied by Fried, where G — Ac, and c 

consists of 3-cycles; in this case H2(G,c; Z) has order 2. 

9.3.2. Example: dihedral groups. Condition (+) just enunciated applies when G is 
a group of order congruent to 2 mod 4 and c is the unique class of involutions: 

Such a group is necessarily of the form A x {±1}, where A is the unique normal 
subgroup of index 2. In this case, consideration of the spectral sequence shows 
that the map H2(A,Z) — > H 2 (G,Z) is a surjection and identifies H 2 (G,Z) with 
the coinvariants of G/A on H 2 (A,Z). By virtue of (+) we have H 2 (G, c; Z) = 
H 2 {A,Z) G/A . 

9.3.3. An example with nontrivial cocycle: PSL^Fy). Let G — PSh 2 (Fi) and let 
c be the unique conjugacy class of elements of order 4 in G (so that Z C I G = Z.) 
One checks that H 2 (G,c;Z) = H 2 (G,Z) = Z/2Z, and a reduced Schur cover is 
provided by SL^Fy) — > PSL2(F7). But c does not lift to a rational conjugacy class 
in SL^Fy). Indeed let x '■ Z x — > {±1} be the nontrivial homomorphism that 
factors through (Z/8Z) X with kernel ±1 + 8Z; then the action of Z x on the lifts of 
c are precisely through x- 

So we have proved: 

The moduli space of geometrically connected G-covers of P 1 , un- 
ramified at oo, with m branch points of type c, has two geometric 
components; they are Q-rational when m is even, and defined over 
Q(V2) when m is odd. 
In particular, if ko is a field not containing a square root of 2, there are no G-covers 
o/P 1 , defined over ko, with an odd number of branch points, all of type c. 
The last fact can be seen directly to be a consequence of a reciprocity law. 

9.4. User's guide to the universal marked central extension and Galois 
twisting. To conclude this section, and as a convenient reference for the reader 
for Part 3, we also summarize the result on the universal marked central extension 
and the Galois action it carries. 

Maintaining the notation used previously, set 

G = G c x G ab Z c/G . 

The set c — {([<?], e g ) : g € c} defines a union of conjugacy classes of G which 
projects bijectively to c. There is a natural projection 

G^Gx Z c/G . 



We have proved that: 
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(i) G, together with c, is universal amongst central extensions of G endowed 
with a lifting of c; 

(ii) The group Z x acts on G, by means of the rule: 

(9.4.1) aeZ x :(ge G c , m) — > (g a Z. EL (a), to"). 

where m € Z c / G , and Z m is the cocycle defined in (9.1.1 1. 



Now let us describe the topological space whose compone nts a re parameterized 



by G. It is related to what we have discussed previously in j |9.l| but not precisely 
the same, and to avoid confusion we will simply define it from scratch: 

Choose, once and for all, a smooth arc y : [0, 1] — > with y(Q) = oo and with 
nonzero derivative at t = 0. By the fundamental group 7Ti(Ajj,y) we shall mean 
the fundamental group 7i"i(Ajj, y(t)) for "small £", i.e. the direct limit 

hmTr^A^, ?/(*)) 

where we take the limit over t — > + , and the transition maps are the canonical 
isomorphisms induced by the path y. This notion corresponds to the notion of a 
fundamental group with tangential basepoint, recalled in §8.2| 

Now, consider the space V. whose points are tuples (Ei, E 2 , ■ ■ ■ , Ek, /), where 

• Ei is a subset of C of size mf, 

• / is a surjectiorj^] 

f :n 1 (A 1 c -E,y)^G 

• / carries a loop around every point of Ej into Cj . 

We refer to such a (Ei, E 2 , ■ ■ ■ , Ek, /) as a branched G '-cover with multidiscrim- 
inant to. 

To any such branched G-cover, i.e. to any point of Ji, we may assign an invariant 

with the following properties: 

(iii) The image of 3 under 

G^Gx Z c/G 

is given by (<5 -1 ,to)i where 6 is the boundary monodromy, i.e., 5 is that 
element of G given by the image under / of a small loop around 00 in 

(iv) Suppose that each is sufficiently large. Then the association 

(E u ...,E k ,f)^ 3 eG m 

gives a bijection between the elements of G with multidiscriminant to, and 
the set of components of H. 



not merely a conjugacy class of such, as was the case in f 9.1 (a) 
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9.5. Branched covers over non-algebraically-closed fields. The space T-L is in 
fact naturally identified with the space of complex points of a certain moduli space 
defined over Q, so that its components carry a corresponding action of Gal(Q/Q). 
The action of an element a € Gal(Q/Q) carries a component with invariant 3 G G 
to the component with invariant 3" G G. Here a£Z x is the image of a under the 



cyclotomic character, and 3" is as in (9.4.1) 



Let us now summarize some of the difficulties that arise when analyzing the 
situation over a field of constants that is not algebraically closed. First of all, there 
is an algebraic counterpart of the notion of branched G-cover; we refer to §8.3.1| 
for the exact definition. However, one cannot even define the multidiscriminant of 
a branched G-cover without first fixing a suitable root of unity in k; the problem 
is that the notion of "a loop around a puncture" which we use in the definition 
of multidiscriminant for points on % is not available as such in the algebraic case; 
there is still an inertia group which is analogous to the cyclic group generated by 
a loop around a puncture, but this group does not come endowed with a canonical 
choice of generator. 

In order to phrase the situation intrinsically, we have introduced Galois twisting: 
Let fco be a field and k a separable closure of fco; let be the Galois group of 
k over fco- We define Z(l) = lim /i n (fc), the limit being taken over n prime to the 
characteristic of k. In this setting, for any set X endowed with an action of Z x , we 
have denoted 

(9.5.1) X{-1) := Mor2x(Z(l) x ,X) 

the set of functions Z(l) x — > X that are equivariant for the Z x -actions. acts 
on X(—l) through its action on Z(l) x . 

With this notation, the multidiscriminant of an (algebraic) branched G-cover is 
not an element of Z c / G as before, but rather an element m of the twisted version 
Z c / G (— 1); this definition of the multidiscriminant is independent of any choice, and 
we have shown that m can be lifted to an invariant 

jeG(-l), 

in a Galois-compatible way. 

That is to say - if we think of T-L as the complex points of a scheme H/Q, the 
connected components of H are in Galois- equivariant bijection with elements of 
G(— 1) with prescribed multidiscriminant. 



Part 3. Counting and the Cohen Lenstra heuristics 

10. Branched covers and the Hurwitz scheme over F q (t) 

As before, G is a finite group, which we now assume to be centre-free; c C G is a 
conjugacy- invariant subset, and other notations are as before (see ^9]for summary). 

Let q be a prime power that is relatively prime to the order of G. In this section 
we take k = F q D fco = F q , and so T = Tk = Gal(F g /F g ), where F g is a fixed 
algebraic closure; the group T is pro-cyclic, topologically generated by the Frobenius 
morphism Frob : x i— > x q . 

Fix a uniformizer z for P 1 at 00 which pairs to 1 with y^. We will usually 
parametrize P 1 by a rational function t — z^ 1 , so that z vanishes simply at t = 00 
as claimed. 
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10.1. Local G-extensions and Puiseaux series. Wc will need to pay close at- 
tention to the local behavior of G-extensions of F„(f) at the prime at oo. To do 
this, we use Puiseaux series: 

Recall that, if t is an indeterminate, the maximal tame extension of F q ((t)) is 
given by F 9 ((i 1 / 00 )), and its Galois group A is canonically an extension: 

Z(l)-> A^Gal(F7/F 9 ). 

We split the sequence by lifting Frob to that element Fa £ A which fixes the 
extension F g ((t 1 / 00 )) and which projects to Frob £ Gal(F g /F g ). 

By a marking of a tame extension of F q ((t)) or F g ((t)) we mean an embedding 
of it into Fgdt 1 / 00 )). 

By a G-extension of F q ((t)) we shall mean an etale algebra E over F q ((t)), 
together with a G-action on E/F q ((t)) which acts simply transitively on the set of 
markings. 

To any marked G-extension E we have a unique homomorphism ip : A — > G such 
that the action of tp(t)) on E is compatible with the action of £ A on F g ((i 1 / 00 )). 
We say "the marking is of type p." 

Changing the marking changes this homomorphism by a conjugacy; to give a G- 
extension of F q ((t)) without specifying a marking is the same as giving a conjugacy 
class of morphisms A — > G. 

For a G-extension E of F q ((t)) we denote by Autc(E) the collection of auto- 
morphisms of E as a G-algebra. Equivalently, this equals the size of the centralizer 
of a corresponding morphism ip : A — > G. 



10.2. G-extensions: their discriminant and infinity type. By a G-extension 
of the field K := F g (t) we shall mean an extension L/K equipped with an isomor- 
phism G —> Gal(L / K) . We say that L is regular if F g is algebraically closed in 
L. In this paper we will consider the asymptotic count only of regular extensions. 
This diverges slightly from the analogous situation for number fields, where one 
typically wants to count G-extensions L of Q without excluding those extensions L 
containing a nontrivial cyclotomic subextension (see |KliiQ51 ITur08] for a discussion 
of some of the subtleties related to this.) 

We can impose on our G-extensions the further condition that all ramification 
away from oo is of type c; again, this means that each (necessarily cyclic) inertia 
group is generated by an element of c. In that case, we shall say that L is a 
(G, c)-extension. 

We may attach to a (G, c)-extension L a multidiscriminant, which is a a T- fixe d 
element of Z c / G (— 1), i.e., a Z x -equivariant function from Z(l) to Z c / G (see [8.1). 

We construct this function just as we did in |8.3.2| in the case of covers of 
P 1 over algebraically closed fields. Take fi £ Z(l) x . For each x £ A 1 we get 
a conjugacy class of morphisms A — > G and therefore, by restriction to inertia, 
functions i x : Z(l) — > G. Then the multidiscriminant sends /i to the sum of 
deg(x)e tx ( p ) over all x. As before, e tx ( M ) is the element of Z c / G corresponding to 
the conjugacy class of L x (fi). 

To be compatible with our earlier usage (cf . ^8.3.1 1 we say that L is m-branched 
if |m| = to, that is to say, if the sum of deg(x) over all ramified x equals to. 
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For each (G,c) extension L, we denote by the etale algebra over F q {{z)) 
induced by L, via the embedding 

where z is, as before, a uniformizer at oo. 

Note that L M has the structure of G-extension of F g ((«)). (We use the slightly 
inconsistent convention that a (G, c)-extenson of the global field F q (t) is understood 
to be a field, while the local (G, c)-extension is not required to be.) 

The isomorphism class of defines, as discussed previously, a conjugacy class 
of morphisms A — > G. By a marking of L we shall mean a marking of L^, that 
is to say, an embedding of L x into F g ((z 1 / 00 )). A marking of L gives rise to a 



morphism (not just up to conjugacy) A — > G, the infinity type of L. (See { 1 0.1 ) 



10.3. Geometric points on CHur. It is not the case that (G, c)-extensions of 
F q (t) are the same thing as F g -rational points of CHur^ m ; recall that the Hur- 
witz scheme as defined here parametrizes branched covers with a marked point in 
the fiber over the tangential basepoint y^; to say this data is F 9 -rational places 
a constraint on the infinity type of the (G, c)-extension L. For instance, if L is 
unramified at oo, the constraint is that L is split at oo. In order to consider gen- 
eral (G, c)-extensions, we need to consider F 9 -points of CHurg m satisfying certain 
descent conditions, which we explain below. 

Chasing through the definitions, we see that the points corresponding to (G, c)- 
extensions are in bijection with diagrams: 

(10.3.1) P7(t) F^((z 1/o °)), 

where the composite is the natural embedding induced by t > z _1 , and L is a 
(G, c)-extension of F q (t) with multidiscriminant m. 

There are three actions on CHur^ m (F q ) of interest to us: 

• The action of Frobenius. 

This arises from the structure of CHur as an F g -scheme. We often refer 
to it as Frob. 

• The A-action: 

A acts on the target of /, and on the source of 6, the latter action being 
through the quotient Gal(F g /F g ) ~ Gal(F g (i)/F g (i)); we also twist the 
linear structure on L compatibly. 



More precisely, given a diagram ( 10.3.1 1, the action of £) € A sends it to 
the diagram 

F^(t) 4 L' 4 F^z 1 / 00 )), 

where i! = Lod^ 1 , /' =T)of, and V is L but with the structure of F g -vector 
space twisted through 0, so that the maps are F 9 -lincar. 
The G-action: 



Via its action on L. Thus, given a diagram ( 10.3.1 1, the action of g € G 
replaces i by l' = g o i and / by / o g^ 1 . 

With these notations, the action of Frob and the action of Fa € A coincide. 
Also, the boundary monodromy of x G CHur(F 9 ) is the function 8 : Z(l) x — > G 



for definition of general Hurwitz schemes, and [8.7.2 



for the subschemes with mon- 



odromy type m. 
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such that the action of a 6 Z(l) x (considered in A) and 8(a) (considered in G) on 
x coincide. 

10.4. Galois descent. Let us now fix a morphism tp : A — > G. In this section we 
will exhibit a bijection: 

- Regular marked (G, c)-extensions L of F q (t), of infinity type tp; 

- points of CHurQ m (F g ), with the property that 

(*) tp(D).x = d.x for all u € A. 

where the action on the left is the G-action and the action on the right is 
the A-action. 

The property (*) can also be written as follows: <^(FA) _1 Frob fixes x and the 
boundary monodromy of x coincides with tp\z(iy 

To prove this bijection, we wish to understand the set of marked regular (G, c)- 
extensions L of F q (t) with infinity type tp. Recall that this means that the diagram 



L 



-> F 9 ((z 1 /-)) 



(10.4.1) 



<p(0) 



L 



-> F 9 ((z 1 /-)) 



commutes for every £ A. 

Clearly, such a diagram gives rise to a covering / : X — > P 1 , together with a 
G-action G Aut(/), and a marking, i.e., an element of the fiber functor fib aoc (/). 
(See ^8.2.4 for explanation.) Thus we have a point x € CHur^ m (F f/ ). Moreover, 
from the G-action on L and the diagram (10.4.1), we see that the corresponding 
point x G CHurg m (Fq) has the property that 



(10.4.2) 



tp(d) ■ x = D ■ x 



i.e., the actions on i of A acting directly via the A-action and A acting through 
the G-action via tp are compatible. 



Conversely, suppose we are given a point with the property ( 10.4.2 ); such a point 
corresponds to a diagram F q (t) F 9 ((t 1 / 00 )), where L' is a (G, c)-extension 

of F q (t). The validity of (10.4.2) says that, for every 5 € A, there is a map a 



making this diagram commute: 



F- q (t) ^> (L')tw F 9 ((tV=c)) 
(10.4.3) = 

F~ q (t) ^°^> V ^^-> F,((tV»)) 

where L^ w is i' but with the F 9 -linear structure twisted so that the top line is 
linear. In particular, a' — (p(c)) _1 o a fits into a diagram 
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F g (t) — > V F g ((tV°°)) 
(10.4.4) | a ,J | 

F7(t) — L' — F,((tV°°)) 

One recovers the (G, c)-extension of F 9 (t) as the subfield of L' fixed by a', taking 
= F A . 

11. The main counting theorem and the Malle-Bhargava heuristics 

We are now ready to state the main arithmetic theorem of the paper. This 
requires a few more pieces of notation. 

Let Loo be an etale G-extension of F q ((z)), and let tp : A — ► G be a representative 
of the conjugacy class of morphisms corr espo nding to L^, and let 5 be the element 



of G(— 1) specified by </?|Z(l) (see again (8.1 for the notation) 



If me z c / G (-i) is a multidiscriminant (we will always suppose that m is fixed 
by the action of the Galois group T = Gal(F 9 /F 9 )) and 8 an element of G( — 1), we 
write G mx g-i for the preimage of m x S^ 1 inside G(— 1). (The reason for writing 
5 _1 rather than <5 is that, in our notation, a cover with boundary monodromy 5 has 
lifting invariant in G(— 1) which projects to in G(— 1).) Similarly we define G m 
for the preimage of m € Z c / G (— 1) inside G, i.e. the union of G mx $-i over all S. 



In that case, G m carries an action of T, namely the discrete action of (8.1.7 
Moreover, G m also carries an action of G, by conjugation; more precisely, if g is 
an element of G, the action of g on G m is given by lifting g arbitrarily to G and 
conjugating. This is independent of the choice of lift, since G — > G is a central 
extension. It is easy to verify from definitions that the conjugation action of G 
commutes with the discrete action of T. 

11.1. Definition. Define BfLoctu) to be the number of x E G mx g-i such that 

x Fmh = x v{Fa) . 

that is to say: the discrete action of Frob G T and the conjugation action of <p{F&) 
coincide. 

In order to justify the notation, we need to check that B(Ioo,tn) depends only 
on the isomorphism class of and not on the choice of (p; in other words, it 
doesn't change when ip is conjugated by an element of g. This is easy: x 9 satisfies 
the conditions of the definition with infinity type (p 9 if and only if x satisfies the 
conditions for infinity type <p. 

Write iV(m) for the number of regular (G, c)-extensions L D K with multidis- 
criminant m and whose completion at infinity is isomorphic to L^. Write G(m) for 
the number of F 9 -points on the configuration space Conf„. 

Finally, recall that in favorable circumstances, we know (e.g. by the main theo- 
rem of [EVW09 ) that the Hurwitz spaces of branched G-covers satisfy the following 
stability condition, for some parameter a > 0: 

HSq,: There exists A > such that the condition of Corollary |5.8.2| 
holds whenever j < a\m\ and mindeg(m) > A. 



64 



JORDAN S. ELLENBERG, AKSHAY VENKATESH, AND CRAIG WESTERLAND 



11.1.1. Theorem. Maintain the notation above, and assume that condition HS Q 
holds. 

Then there is Q — Q(G, c, a) such that, for q > Q, 
(11.1.1) Urn f^- f^M = o. 

mindeg(m)^oo V C(m) |Aut G (A>o)|/ 

We note that the factor | AutG(Loo)| _1 is just as predicted by Bhargava's heuris- 
tics. The factor B{Loo, m) constitutes a correction to those heuristics; it is an integer 
between and \H2(G, c; Z)| and is, of course, unity when i?2(G, c, Z) = 1. 

Our proof also shows that the lifting invariant of such covers is equidistributed, 
giving evidence in favor of a conjecture stated in |VE10j . More precisely: choose 
an infinity type tp, let x m € G m be a sequence indexed by multidiscriminants m, 
with x m satisfying the conditions of Definition |11.1| and let N x (m) be the number 
of regular (G, c)-extensions L with multidiscriminant m, infinity type isomorphic to 
Loo, and lifting invariant conjugate to x m . Then 

l lm ~TT7 — s r~A 77 TT = «• 

mindeg(m)-foo G (ttl) \ AvXa{^ao)\ 



Proof, (of Theorem 11.1.1) 



Choose an infinity type tp : A — > G in the conjugacy class associated to L^. 

Write Y for the subscheme of CHur Gm parametrizing branched G-covers with 
boundary monodromy y;|Z(l); this is a union of geometric components of CHur G m , 
and is preserved by </s(-Fa) _1 Frob. 



We have seen in { 10.4 that the marked regular G-extensions of F q (t) with multi- 
discriminant m and infinity type ip are parametrized by the points of CHur G m (F g ) 
which are fixed by the action of ip(F^)~ 1 Frob and which have boundary mon- 
odromy y>|Z(l). 

The computation of the number of such marked regular G-extensions can thus 
be computed by applying the Grothendieck-Lefschetz trace formula to the endo- 
morphism y(i 7 A) _1 Frob of Y. (This can also be viewed as a counting formula for 
F g -points on a specified F g -form of Y.) 

In order to apply the Lefschetz trace formula, we need to understand the etale 
cohomology of Y. A crucial point is that the etale Betti numbers of Y agree with the 
topological Betti numbers of the manifold Y(C); this follows from a comparison 
theorem for etale covers of complements of relative normal crossing divisors in 
smooth proper schemes over SpecZ, see[EVW09, Prop 7.5, 7.6] or |Yu97j . 

The contribution of H z for all i > a\xa\ to the alternating sum in the Lefschetz 
trace formula is negligible compared to G(m); this follows from the Weil conjectures 
once we have an priori bound on the Betti numbers, which is given by |EVW09l 
Prop 2.5]. It is this part of the argument that requires us to place the lower bound 
Q(G, c, a) on q. 

On the other hand, the stability condition HS Q , combined with Theorem |5. 8. 1| 
shows that the map from a geometric component of CHur^ m to Conf m induces an 
isomorphism on H l for all i < a\m\ and all sufficiently large m. Note also that the 
map <^(-Fa) _1 • Frob covers the map Frob on Conf m . 

It follows immediately that the contribution of cohomology in degrees i < |m| to 
the Lefschetz trace formula is 

G(m) • # { components of Y which are fixed by ^(-Fa)^ 1 Frob} . 
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But Theorem [873] gives us a combinatorial description of the geometric compo- 
nents of CHur£j m (and thus the geometric components of Y) for sufficiently large 
m; from this we see that the number of components fixed by </?(Fa) ~ l Frob equals 
B(ioo,m). 

It follows that the number of marked regular G-extensions with multidiscrimi- 
nant m and infinity type tp is asymptotic to 

C(ra)B(I M) m). 

The number of infinity types tp associated to the etale G-extension D F q ((z)) 
is precisely | AutG [ L — y\ • Thus the number of marked regular G-extensions L with 
multidiscriminant m satisfying 

L® Fq (z) Fg((z)) - L °° 

is asymptotic to 

C(m)B(L 00l m) N 



| Aut G (£„,)! 

Each (unmarked) regular G-extension has |G| distinct markings, so appears |G| 
times in the above count. This yields the theorem. 

□ 

This result can be modified or generalized in several ways. In particular, we 
anticipate that the results of the topological part, and, therefore, the results of this 
Theorem, generalize to replacing P 1 by an arbitrary base and 00 by an arbitrary 
fixed set of punctures, but we will not pursue that generalization here. 

11.2. Relationship to Malle Bhargava heuristics. We observe that Theo- 
rem [TT]0] can be used to show results towards conjectures of Malle and Bhargava 
about counting G-extensions, under the homological stability hypothesis HS Q . 

Suppose that G is provided with a transitive action on set of n elements; then 
each conjugacy class C in G has an index i(C), which is defined by the condition 
that n — i(C) is the number of orbits of a representative of C. The discriminant of 
a G-extension is then the linear function of the multidiscriminant m which sends 
C to i(C); this agrees with the usual notion of discriminant for the (non-Galois) 
degree-n cover associated to a point stabilizer in G. 

Let NG, c (q m ) be the number of (G, c)-extensions of F q (t) with discriminant q m . 
Malle 's conjecture, in its strongest form, asserts that when c is taken to be the set 
of all non-identity elements, we have an asymptotic expression 

(11.2.1) N G Al m ) ~ im b - 1 q m ' a 

where a is the minimal value of i(C) as C ranges over the nontrivial conjugacy 
classes, b is the number of orbits of the power action of Z x on the set of conjugacy 
classes with index a, and 7 is an unspecified constant depending on q and G. 

For example, when G = S n , we have a = 1, and also 6=1, because the only 
minimal-index class is the class of a transposition. So in this case Malle's conjecture 
predicts that 

In this context, Bhargava makes a precise prediction (in the number field case) for 
the value of the constant 7, which is a rational multiple of an Euler product. 

We can also ask about choices of c smaller than G — id. For instance, when 
G = S n , we can set c to be r, the conjugacy class of transpositions; then we are 
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counting degree- n extensions with Galois group S n and squarefree discriminant. 
Neither Malle nor Bhargava explicitly makes conjectures about this situation, but 
their philosophy clearly entails that one expects the number of such extensions of 
discriminant at most X to be on the order of X. 

For instance, Bhargava's conjectures would suggest that the number of totally 
real S^-extensions of Q with squarefree discriminant between X and IX should be 



asymptotic to (1 / 'n!)£(2) _1 X . Given the hypothesis HS Q , Theorem 11.1.1 would 
supply the analogous function field statement: the number of ^-extensions of 
Fq(t), totally split at oo, with discriminant exactly q m is asymptotic to 

|Aut SB (F,((t))©»»)| n!( Fqlt] (2) q 

Similarly, if G is a subgroup of S n with a single minimal-index conjugacy class 
C, then the discriminant of a cover with m branch points of type C is q am , and HS Q 
would imply 

at ( „am\ n ,„rn 

for some explicitly computable constant 7, just as Malle's conjecture predicts p] 

Of course, the homological stability condition HS a is not known in general, and 
in particular is not known in the case of G = S n for n > 3. Fortunately, the class 
of groups for which HS Q has been proved is precisely the one which is relevant to 
the Cohen-Lenstra statistics, as we explain in the section that follows. 

12. The Cohen-Lenstra heuristics 

Let G be a generalized dihedral group of the form Ay\ Z/2Z, where A is a finite 
abelian group of odd order, on which Z/2Z acts as —1. Let c be the conjugacy 
class of G containing all involutions. In this case, the condition HS Q that is an 



assumption to Theorem 11.1.1 has been proved in the paper [EVW09] (for some a 
which could be made explicit if desired.) Moreover, the Schur multiplier of G has 
odd order. In this case, 

(12.0.2) G = Zx z/2Z G c . 



(see Definition 7.3 for the definition of G c ), and the discrete action of V is the 



powering action on the right and the trivial action on the left, i.e. a : (n,g) <— > 



n,g a ). See ^ 9.3.2 for more discussion. 



From Theorem 111. 1.11 we can now derive results towards the Cohen-Lenstra 
heuristics over function fields, as promised in §1.1| 

12.1. We begin by discussing the Cohen-Lenstra heuristics in the "standard" case, 
i.e. ^-parts of class groups of "imaginary" quadratic extensions of a field with no 
^th roots of unity. 

Let q be an odd prime power, and for each odd m let Q m be the set of quadratic 
extensions F D F 9 (t) obtained by adjoining the square root of a monic polynomial 
f(t) of degree m. These are the so-called imaginary quadratic extensions of F q (t), 



Our results are of a slightly different nature to Malle's conjecture, which means that we 
cannot immediately pass from them to Malle's conjecture in its originally stated form (or vice 
versa, for that matter). To see why, note that we compute the number of fields of multidiscriminant 
m when the multiplicity of every conjugacy class in m grows large. On the other hand, Malle's 
conjecture asks for an average of this number over m, including the case where the multiplicity of 
some conjugacy classes in c stays fixed, while others grow. 
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named so because they are necessarily ramified at oo. For any such extension F, 
we denote by Cp the group Pic (C)(F„), where C/F q is the unique smooth curve 
with function field F. 

12.1.1. Theorem. Let A be a finite abelian group of odd order. There exists a real 
number Q(A) such that, for all odd q > Q(A) with q — 1 prime to \A\, 

V Pf=0 |Epi(C F ,A)| 

(12.1.1) lim gg '",' I = 1. 

m-^ao | Q m | 

where Epi(Gi?,^4) denotes the set of surjective homomorphisms from Cf to A, and 
m ranges over positive odd integers. 

Prior to giving the proof, let us recall the connection with counting (G, c)- 
extensions, in the sense of §10.2| 

Any epimorphism Pic°(G)(F g ) -» A extends uniquely to a surjection Pic(C)(F g ) - 
A which is trivial on the divisor class of the unique point of G above oo. Equiv- 
alently, any epimorphism Pic°(G)(F g ) -» A determines an etale cover Y — >• G, 
together with an isomorphism Aut(F/X) ^> A, with the property that Y is totally 
split above the point of G above oo. Then Y is also Galois over P 1 , and the above 
isomorphism extends to an isomorphism 

(12.1.2) Aut^/P 1 ) -3 G. 

This extension is not unique, but it is unique up to A-conjugacy. 

Let L be the function field of Y; then, choosing an isomorphism as in (12.1.2), 
we give L the structure of a (G, c)-extension; any two isomorphisms as in (12.1.2) 
give isomorphic (G, c)-extensions. 

Since m is odd and / is monic, the completion L M of L at oo is isomorphic to 

(12.1.3) F,((Vi))x...F 9 ((Vi)), \A\ copies, 

or, in the terms of the previous section, the infinity type of L is (up to conjugacy) 
the map A — ► G sending Fa to the identity and sending Z(l) to a cyclic group (S) 
of order 2. 

In summary, given an epimorphism C'f — » A as in the Theorem, we construct 



(up to isomorphism) a (G, c)-extension L such that L M is isomorphism to (12.1.31 
This construction is two-to-onc: 



Given a (G, c)-extension L with such that is isomorphic to (12.1.3), it is 
possible to recover (the curve G and) the surjection Pic°(G)(F g ) -» A up to sign. 
The issue of sign arises because of the difference between ^4-conjugacy and G- 



conjugacy of the isomorphism (12.1.2) 



Proof. Our discussion above shows (cf. EVW09, Prop 8.6]) the sum in the nu- 
merator of ( 12.1.1[ ) is twice the number of (unmarked) m-branched regular (G, c)- 



extensions L/F q (t) with the property that the completion of L at oo is isomor- 



phic to (12.1.3). 



The automorphism group of (or, what is the same, the centralizer of S in G) 



has order 2. So Theorem 11.1.1 tells us that the number of (G, c)-extensions with 
infinity type isomorphic to and multidiscriminant m is asymptotic to 

(l/2)B(£ 0o ,m)G(m). 

In the present context, B^^^m) (as in Definition |11.1[ ) counts the number of 
elements of Z x z /2z G c which are fixed by (n,g) i-> (n,g q ), and which project to 
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in x S~ £ Z x G. (Here, 8 is any fixed element of order 2 in G). This amounts 
to computing the number of elements g of G c which project to <5 _1 = 6 and which 
satisfy g q ~ Y = 1. Since q — 1 is prime to \A\ (and hence also to \H2(G, c, Z)|) this 
means that g 2 — 1. Since 5 lifts uniquely to an involution in G c , we have that 
B(i 0O ,m) = l. 



The numerator of (12.1.1) is twice the number of (G, c) -extensions, and C(m) is 



the cardinality of Q m ; this completes the proof. □ 

From Theorem |12.1.1| it is easy to produce asymptotic statements of the form 
mentioned in the introduction. For example: for each odd integer d the number of 
elements of Cf of exact order d is the same as the number of surjections from Cf 
to Z/tfZ, which we now know to be 1 on average, at least once q is large enough 
and q — 1 is prime to n; so, for instance, the average imaginary quadratic extension 
of F q (t) has one point of exact order 15, one of order 5, one of order 3, and one of 
order 1, for a total of four 15-torsion points, as claimed in the introduction. 

The more traditional formulation of the Cohen-Lenstra conjecture says that for 
any £-group B, the fraction of L £ Q m with Gl[£°°] = B is asymptotically 

(12 1 41 IL^i^-l l ) 

{UAA) |Aut(B)| ■ 



That statement would follow if Theorem 112.1.11 were known to hold for all A with 
a fixed q, i.e. if Q(A) could be chosen independent of A. 

It is also straightforward to derive results analogous to Theorem |12.1.1| where 
one varies the splitting type at infinity, e.g. when is an unramified extension 
of Fg(t). We discuss instead the more interesting situation where one relaxes the 
condition that q — 1 be relatively prime to the order of A. 

12.2. Roots of unity. Let us now consider the case when q — 1 has prime factors 
in common with the order of A — that is to say, the ground field contains roots of 
unity which are killed by the order of A. 

Malle [MallO observed that, in the corresponding situation over number fields, 



the Cohen-Lenstra conjectures in the form (12.1.4) need modification. For example, 



he conjectured that if if is a totally real number field satisfying 

Hi C K, [ip <f_ K 

the fraction of totally imaginary quadratic extensions L with Cz,[£°°] trivial should 
be 



(12.2.1) n( i+r, ) _i 



i=l 

Our results, in the function field case, cover this situation also. They show that 
the Fg-rational connected components of the relevant Hurwitz space are identified 
with the fixed space of A 2 A under the "Frobenius" map F : x H> x q . In particular, 
we have proven: 

Fixing A, there exists Q(A) such that whenever q > Q(A) we have 



(12.2.2) 
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Garton |Garl2j has shown that the result above is consistent with predictions ar- 
rived at via random f-adic matrix heuristics. He shows, futhermore, that if (12.2.2) 
holds for a fixed q and all A, then the analogy of Malle's conjecture (12.2.11 with 
K = F q (t) holds. Furthermore, Garton describes corresponding results when the 
base field contains £ k th roots of unity for k > 1. 
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